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Abstract: Spatial dependence is one of the main problems in stochastic processes and can be caused
by a variety of measurement problems that are associated with the arbitrary delineation of spatial
units of observation (such as counties boundaries, census tracts), problems of spatial aggregation,
and the presence of spatial externalities and spillover effects. The existence of spatial dependence
would then mean that the observations contain less information than if there had been spatial
independence. Consequently, hypothesis tests and the statistical properties for estimators in the
standard econometric approach will not hold. Thus, in order to obtain approximately the same
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Modeling and Estimation Issues in Spatial Simultaneous Equations Models

1. Introduction

The investigation of regression residuals in the search of signs of a spatial structure is the
first step in the analysis of spatial data. The usual graphical analysis tools and the residual
mapping can provide the first indication that the observed values are more correlated than
would be expected under random assignment. In this case, the presence of spatial clustering
can be tested by using the spatial correlation tests such as Moran, Geary or G statistic, on
the residuals. Although such tests can detect the presence of spatial clustering, however,
they do not explain why such clustering occurs, nor do they explain which factors
determine its shape and strength. In other words, the alternative hypothesis of spatial
autocorrelation is too vague to be useful in the construction of theory. Rather, spatial
autoregressive process, the process that expresses how observations at each location
depend on values at neighboring locations —the spatial lag, is the relevant concept that
formalizes the way in which the spatial association is generated (Anselin, 1992).

Spatial dependence is one of the main problems in stochastic processes and can be
caused by a variety of measurement problems that are associated with the arbitrary
delineation of spatial units of observation (such as counties boundaries, census tracts),
problems of spatial aggregation, and the presence of spatial externalities and spillover
effects. The existence of spatial dependence would then mean that the observations contain
less information than if there had been spatial independence. Consequently, hypothesis

tests and the statistical properties for estimators in the standard econometric approach will



not hold. Thus, in order to obtain approximately the same information as in the case of
spatial independence, the spatial dependence needs to be explicitly quantified and modeled.
2. Spatial Regression Models
The explicit inclusion of spatial dependence in regression models can be done in different
ways. Anselin (2003), for example, attempts to extend the earlier work on spatial
dependence and he notice that “the standard taxonomy of spatial autoregressive lag and
error models commonly applied in spatial econometrics (Anselin, 1988) is perhaps too
simplistic and leaves out other interesting possibilities for mechanisms through which
phenomena or actions at a given location affects actors or properties at other locations”. In
this extension, he makes a distinction between global and local range of dependence which
have implications for the econometric specifications of spatially lagged dependent variable
(Wy), spatially lagged explanatory variables (WX) and spatially lagged error terms (Wu).
The distinction between the global and local effects models depends upon the assumption
on the underlying spatial process. The spatial regression models with global effects are
based on the principle that the underlying spatial process on the analyzed data is stationary.
This means that the spatial autocorrelation patterns of the data sets can be captured in one
parameter only. The spatial regression models with local spatial effects, however, are based
on the principle that the underlying spatial process on the analyzed data is non-stationary
and hence spatial autocorrelation patterns of the data cannot be captured by one parameter
only. Thus, when the spatial process is non-stationary, the coefficients of regression need to
reflect the spatial heterogeneity.

The conditional autoregressive (CAR) model and the simultaneous models, spatial

autoregressive (SAR) and the spatial moving average (SMA), models are the most



commonly employed types of models in spatial statistics and spatial econometrics. In the
conditional model, a random variable at a location is conditioned on the observations on
that random variable at neighboring locations. The latter are treated as exogenous and can
be exploited to construct optimal prediction for the random variable at unobserved

locations (Anselin, 2003). The inverse covariance matrix for this model is constructed by

|- D /az where D is a binary spatial weights matrix. This type of model is appropriate

for studies involving first-order dependency which are most common in spatial statistics. In
the simultaneous models (SAR and SMA models), however, the focus is on the explanation
of the complete interactions between all observations or locations observed simultaneously.

The covariance structure in such models is compatible with the spatial ordering and the

inverse covariance matrix is constructed by 1-pW |I—-pW /az where W is a row-

standardized spatial weights matrix. The simultaneity in these models follows from the
nature of dependence in space which is two-directional. As a result, each location is in turn
a neighbor for its neighbors, so that the effect of the neighbors has to be treated as
endogenous (Anselin, 2003). The SAR model is appropriate for studies involving first-
order as well as second-order dependency which are most common in regional studies. This
research also follows the regional studies tradition. In the next subsection, the spatial
dependence (spatial global effects) will be discussed, first in the context of cross-sectional
setting and then the extension to panel data will follow.

2.1 Spatial Dependence in Cross-Sectional Models

There are two distinct ways of incorporating spatial dependence into the standard linear

regression models: as an additional explanatory variable in the form of spatially lagged



dependent variables (WYy;) (spatial lag), or in the error structure E[uiu j];to (spatial

error) (Anselin, 2001).
Spatial Lag Model
The spatial lag model combines the spatial dependence in the form of a spatial lag term
with the usual linear explanation of a dependent variable by a set of explanatory variables.
It is similar to the inclusion of a serially autoregressive term for the dependent variable in a
time series context (Anselin and Bera, 1998; LeSage, 1999). This model is more
appropriate when the focus of interest is the assessment of the existence and strength of
spatial interaction. Anselin (1993) referred this model as the spatial autoregressive model
with substantive spatial dependence.

Formally, a spatial lag model, in the context of single equation and in a cross-
sectional setting, is expressed as:
(1.2) y=pWy+Xy+u
where y is an n by 1 vector of observations on the dependent variable, Wy is the
corresponding spatial lagged dependent variable for weights matrix W, X is n by K matrix
of observations on the explanatory variables, u is an n by 1 vector of error terms, p is the
spatial autoregressive parameter and yis a K by 1 vector of regression coefficients. The
parameter p measures the degree of spatial dependence inherent in the data. As this model
combines the standard regression model with a spatially lagged dependent variable, it is
also called a mixed regressive-spatial autoregressive model (Anselin, 1998).

The spatial single equation model in equation (1.1) can be extended to a system of
spatially interrelated cross sectional equations corresponding to n cross sectional units. But,
first note that a standard G system of equations can be written as:
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1.2) Y=YB+XI'+U

with
Y=Y,  X= X,enXe U= U, Ug

where y;is the n by 1 vector of cross sectional observations on the dependent variable in jth
equation, x; is an n by 1 vector of cross sectional observations on the Ith exogenous
variable, u; is an n by 1 vector of error terms in the jth equation, and B and I' are
correspondingly defined parameter matrices of dimension G by G and K by G,
respectively. B is a diagonal matrix. Following Kelejian and Prucha (2004), the spatial lag
dependent variables can be incorporated in equation (1.2) as follows:

1.3) Y=YB+XI'+WYA+U

where W is an n by n weights matrix of known constants, and A is a G by G matrix of
parameters. Note that the spatial global spillover effects in the endogenous variables is
modeled via WY, with WYy; representing the spatial lag in the jth equation forj=1, ... , G.

The ith element of the vector of the spatial lag, Wy;, can be computed as:
(1.4) Wy, = Z\Nir Yii
r=1

where

ir

_ |1 wheniand r are neighbors (adjacent)
|0 otherwise '

Note that the spatial interactions in the system are determined by the nature of
the A matrix. Specifying A as not a diagonal matrix of parameters allows the jth
endogenous variable to depend on its spatial lag as well as on the spatial lags of the other
endogenous variables in the model. If, however, there is a theoretical reason to believe that

the jth endogenous variable depends either only on the spatial lags in the other endogenous



variables in the model or only on its own spatial lag, then A should be specified as a
diagonal matrix or as an identity matrix, respectively.

The system in equation (1.3) can be expressed in a form where its solution for the
endogenous variables is clearly revealed. First, consider the following vector

transformations:

vec Y =vec YB +vec XI' +vec WYA +vec U

15 )
(1.9) = B®IvecY + I'®T vec X + A'®W vec Y +vec U

Lettingy=vec Y , x=vec X ,andu=vec U , itfollows from equation (1.5) that
y= B'®I y+ I'®I x+ A'QW y+u

(1.6) _
=[ B®I + A'®W |y+ I'®I x+u

The mixed regressive-spatial autoregressive specification given above can be
interpreted in three different ways. First, in the specification given in equation (1.6), the
interest is in finding out how each of variables in y relate to their values in the surrounding
locations (spatial own lags), the values of the other endogenous variables in the
surrounding locations (cross spatial lags) and the values of the other endogenous variables
in the respective location, while controlling for the influence of other predetermined
(exogenous) variables. The second perspective is when the interest is to detect the relations
between the dependent variables y and the predetermined (exogenous) variables x, after all
the spatial effects and the other endogenous variables effects are controlled for or filtered

out. Formally, this can be expressed as:

y-[ B®I + A'®W Jy= I'®I x+u
1.7 .
7 I-[ B®I + A®W | y= I'®I x+u

The third perspective is the interpretation of the model in its reduced form. The reduced

form is nonlinear and it clearly illustrates how the expected value of the dependent
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variables at each location depend not only on the predetermined (exogenous) variables at
the respective locations but also on the predetermined (exogenous) variables at all other

locations. The reduced form is given by:
-1 -1
(18) y=I-[ B®I + A®W | I'®I x+ |- B®I + A'®W | u.

The expected or mean value can be computed by taking expectations on both sides of
equation (1.8) as follows:
Ey :E[ [ B'®I + A®W | I'®I x}

- +E[ [ B'®I + A'®W | lu}

Since the mean of the error term is assumed to be zero, this gives:
(1.10) Ey =E[ [ BT + A®W | T'®I x]

To continue with formulating the model in form more convenient to reveal its

solution for the endogenous variables, consider equation (1.6). Let:
B'=[ B®I + A’®W | and I''= I'®I .
Then, equation (1.6) can be rewritten as:
y=B'y+I"x+u

(1.11) L -l Ll :
y=1,-B" I'x+ I -B" u in reduced-form

From this general form of the spatial econometric model, various specifications can be
generated. By imposing zero restrictions on various model parameters, Rey and Boarnet
(2004), for example, have identified 35 different specification cases from their two-
equation spatial econometric model. In order to structure the taxonomy of the spatial
econometric model, they considered three dimensions of simultaneity: feedback

simultaneity; spatial autoregressive lag simultaneity; and spatial cross-regressive lag



simultaneity. Depending on the underlying theoretical arguments, each equation of the
model contains either all or some or none of these dimensions.

The system in equation (1.3) can also be expressed more compactly by imposing
exclusion restriction on the parameters of the model. Particularly, let the vectors of nonzero

elements of the jth column of B,I', and Abe B, v;, and &, respectively. Again, let the

corresponding matrices of observations on the endogenous variables, exogenous variables,
and the spatially lagged endogenous variables that appear in the jth equation

beY;, X;, and WY respectively. Then equation (1.3) can be written as:
(1.12) Y, =Z;8, +u,

where

!

Z,= Y, X;,WY; andd; = B%,v|,]

Spatial Error Models

A second way to incorporate spatial autocorrelation in a regression model is to specify a
spatial process for the disturbance term. The disturbance terms in a regression model can be
considered to contain all ignored elements, and when spatial dependence is present in the
disturbance term, the spatial effects are assumed to be a noise, or perturbation, that is, a
factor that needs to be removed (Anselin, 2001). Such spatial pattern in the residuals of the
regression model may lead to the discovery of additional variables that should be included
in the model. Spatial dependence in the disturbance term also violates the basic OLS
estimation assumption of uncorrelated errors. Hence, when the spatial dependence is
ignored, OLS estimates will be inefficient, though unbiased, the student t- and F-statistics
for tests of significance will be biased, the R?> measure will be misleading, which in turn

lead to a wrong statistical interpretation of the regression mode (Anselin, 1996). More



efficient estimators can be obtained by taking advantage of the particular structure of the
error covariance implied by the spatial process. The disturbance term is non-spherical
where the off-diagonal elements of the associated covariance matrix express the structure
of spatial dependence.

A spatial dependence model is more common in social science applications using
cross sectional data due to the predominance of spatial interaction and spatial externalities
as well as due to the poor choice of spatial units in such applications (Anselin, 1992). The
dependence in the disturbance term can be expressed either as spatial autoregressive or as a
spatial moving average spatial process. The most common specification, however, is the
spatial autoregressive spatial process, although most tests for spatial error autocorrelation
are the same for either form (Anselin, 1992). The spatial dependence in the disturbance
term, thus, can be expressed using matrix notation as:

(1.13) y=Xy+u
with
u=pWu+eg
where u is assumed to follow a spatial autoregressive process, with o as the spatial

autoregressive coefficient for the error lag Wu, and € n by 1 vector of innovations or white
noise error, and the other notations as defined before. Equation (1.13) is the structural form
of the SAR model which expresses global spatial effects. The corresponding reduced form

of the model can be specified as:
(1.14) y=Xy+ I-pW g

with the corresponding error covariance matrix given as:

1

: uu’ =c? l-pW “ 1-pW' "=6? I-pW  1-pW .
1.15 Euu =c2 l=pW " 1=pW' "=02 1—=pW |- pW

10



The structure in equation (1.15) shows that the spatial error process leads to a non-zero
error covariance between every pair of observation, but decreasing in magnitude with the
order of contiguity. Note also that heteroskedasticity is induced in u, irrespective of the
heteroskedasticity of ¢, because the inverse matrices in equation (1.15) yields non-constant
diagonal element in the error covariance matrix.

An alternative structural form, the so-called spatial Durbin or common factor

model, can be generated by pre-multiplying equation (1.14) by |- pW and moving the

spatial lag term to the right-hand side as:

(1.16) y=pWy+Xy—-pWXy+g.

This spatial model has spatially lagged exogenous variables (WX) in addition to the
spatially lagged dependent variable (WYy) and a well-behaved disturbance terme . Equation
(1.16), however, becomes a proper spatial error model only if a set of K nonlinear
constraints on the parameters, the so-called common factor constraints, oy =—py (the
product of the spatial autoregressive coefficient o with the regression coefficient y should
equal the negative of the coefficient of spatially lagged exogenous variables (WX), py ),
are satisfied. The spatial error model can also be expressed in terms of spatially filtered
variables as:

(1.17) I-pW y= 1-pW Xy+eg.

The single equation spatial error model developed above can easily be extended to a
system of spatially interrelated cross sectional equations corresponding to n cross sectional
units. Assuming the spatial dependence in the error term, the system of simultaneous
equations given in equation (1.2) can be expressed as:

(1.18) Y=YB+XI'+U

11



with
(1.19) U=WUC+E

whereWU = Wu,, .., Wu, ,C=diag}, p, ,E= ¢, .., & and the other notations as
defined before. Note that p, denotes the spatial autoregressive parameter in the jth

equation and since C is taken to be diagonal, the specification relates the disturbance vector

in the jth equation only to its own spatial lag. Since it is assumed

thatE ¢ =0andE eg' =X ®I , the disturbances, however, will be spatially correlated

across units and across equations.
The system in equation (1.18) and (1.19) can be expressed in a form where its
solution for the endogenous variables is clearly revealed. But, first consider the following

vector transformations:

vec Y =vec YB +vec XI' +vec U
(1.20) vec Y =vec YB +vec XI' +vec UWC+E
= B'®IL vec Y + T'"'®I vec X + C'O®W vecU +vecE

Lettingy=vec Y , x=vec X , u=vec U ,and g¢=vec E it follows from equation
(1.20) that

y= B'®I y+ I'®I x+ COW u+sg
or

y= B'®I y+ I'®I x+u,

u= C'®W u+g

(1.21)

The system in equation (1.21) can also be rewritten more compactly in a form that can

reveal its solution for the endogenous variables as follows:

(1.22) y=B y+I'x+u,

u=C'u+e

12



where B” = B'®1, ,C'=C'®W =diag{, p;W , and the other notations as before.

Furthermore, by imposing exclusion restriction on the system in equation (1.22), it can be
expressed as:

y. =20 +u.,
(1.23) ] iTi j _
u,=p;Wu;+¢;, j=1..6

where

Z,= Y, X, andd, = B,7, .
Spatial Autoregressive Model
When there are no strong a priori theoretical reasons to believe that interdependences
between spatial units arises either due to the spatial lags of the dependent variables or due
to spatially autoregressive error terms, the standard approach is to model the system with
both effects included (Anselin, 2003).The spatial lag model and the spatial error model are
discussed in the above two subsections separately. By combining these two models, the
spatial autoregressive model with both the spatial lag and spatial error effects can be
expressed as (all notations are as defined before):
(1.24) Y=YB+XI'+WYA+U
with

U=WUC+E.

Combining equation (1.11) and (1.22) gives the system in its more compact form as (all

notations are as expressed before):

(1.25) y=By~+TI x+u,.
u=C'u+eg

13



Assuming that 1 . —B" and I, —C" are nonsingular matrices with |p;|<1, j=1,...G, the
system in equation (1.25) can be expressed in its reduced form as:

y=1_.-B"  TI'x+u,
(1.26) .

. -1
u=1,-C ¢

Since the innovations are assumed to be independently and identically distributed, that

isS,E ¢ =0andE e’ =X ®I,, the means and variance covariance matrices of the

disturbance terms u, and the endogenous variables y, are given, respectively, as follows:

-1

Eu=0 Euw =Q,=1,-C QI I,-C"

u n

(1.27)

Ey=1.,-B Ix; Ey =@ =1_-B" Q, 1_-B"

y n

The endogenous variables as well as the disturbances are, therefore, seen to be
correlated both spatially and across equation, and furthermore will generally be
hetroskedastic. In this study, the spatial units are counties and each county has only a small
number of neighbors and, in turn, it is only a neighbor to a small number of counties. The
weights matrix W is a row standardized sparse matrix and hence the row and column sums

of the weights matrix is bounded in absolute values. It is also assumed

that I, -p;W ,j=1..Gand I —-B° " are bounded uniformly in absolute values, which

n

imply that © and © are also bounded uniformly as it can easily be seen from the relations

in equation (1.27). Thus, the degree of correlation between the elements of u and y are
limited, which is a necessary condition for all large sample analysis (see Kelejian and

Prucha, 1998, 2004).
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By imposing exclusion restrictions on the system in equation (1.24), the spatial

autoregressive model can also be reformulated as follows (all notations are as defined

before):
y. =20 +u.,
(1.28) ] i7i j .
u,=p;Wu;+¢;, ]=1..,G
where

!

Z,= Y, X;,WY; andd; = B%,v|,A]
Following Kelejian and Prucha (2004), a set of instruments are utilized to estimate the
spatial models in equations (1.11), (1.23) and (1.28) using the instrumental variable
techniques. Let N denote the n by p matrix of those instruments and as suggested by
Kelejian and Prucha (2004), N will be chosen as a subset of the linearly independent
columns of (X, WX, ..., W*X), where s is an integer such that 1<s<2. Itis assumed that
the elements of N are uniformly bounded in absolute value. Besides, N is full column rank

non-stochastic instrument matrix with the following properties:

1) lim NN _ Qv+ Where Q,, is a finite and nonsingular matrix
. NE Z, e N :
2)lim———=Q,, , where Q,, is a finite matrix which has full column rank, j =1,...,G
n—o n J ]
. N'WE z, o . _ _
3 lim ———=Q,,,., Where Q. s a finite matrix which has full column rank, j =1,...,G
n—w n J J

- N -pW
4)Qsz _ijNWZJ- =lim ( J )

n—w n

5) lim N’Q_pjwjnq_ij,jN

n—

L has a full column rank, j=1,...,G

=®, where ® is a finite and nonsingular matrix, j =1,...,G

Assuming that the matrix of exogenous (nonstochastic) variables X has full column rank,

properties 1 and 2 are important to ensure the consistency of the initial two stage least

15



squares estimators. Property 2 also ensures that the instruments N allow the identification

of the regression parameters &, in equations (1.11), (1.23) and (1.28). Note that the 2SLS
estimator for the parameters of the models in each of these equations is a generalized

moments  estimator  corresponding to the moment conditionsE N'u; =0.

Letu; 8, =y, -Z;8,=u;+Z; 8,-9; , then the condition that Qsz has full column

=j j

rank implies that lim Iim—} 8,-9; is zero if and only

n—w n n—w n

E Nu, 3, { NE Z.

ifd; =&, .Thus fulfillment of the rank condition for Q,, ensures that the instruments N

identify the true parameter vector &;, j = 1,...,G, and the objective function is uniquely
maximized at 8, =9, at least in the limit.

Properties 3 and 4 are important in ensuring the consistency of the generalized two
and three stage estimators, which are based on a Cochrane-Orcutt-type transformation of
the models. Property 5 is used in deriving the limiting distribution of the initial two-stage
least squares estimator from the untransformed model (see Kelejian and Prucha (2004) for
details and proofs).

2.2 Spatial Dependence in Simultaneous-Equations Panel Data Models

When data is available across space and over time, spatial dependence can be incorporated
into the standard simultaneous equations panel data models in a straightforward way.
Spatial lag dependent variables, for example, can be written as follows (all notations are as
given before):

(1.29) y=2Z6+u

where

16



Y, Z - 0 0, u,

0 Z, ---0 o u

y = :yz , Z=diag Z; =|. ° .|} 8=[."|; and u=| "’
Yo o - Z 0 Ug

Note that y; is nT x 1 vector of observations on the endogenous variable in the jth

equation,Z; = Y;,X;,WY; a matrix of dimension nTby G1,-1+K1,+G1,

.8, = B},v}. A} where B;is G1;-1by 1, y,isK1,by 1, and2,isG1 by 1, and u; is nT by
1 vector of disturbance in the jth equation, for j=1,2, ..., G .For the one-way error

component model, the disturbance of the jth equationu; is given by:

(1.30) u=Zn +o,
where
Z,= 1@y , W)= [, lymly > and ©] = @, 0,0, Oy Oy
Thus,
(1.31) Q,=E uwu =¢, [,®J +o, 1,OI

Hy
where 1. and | are identity matrices with dimensions T and n, respectively, 1, is a vector
of ones of dimension T, J; is a matrix of ones of dimension T and ® denotes Kronecker
product.

In this case, the covariance matrix between the disturbances of different equations
has the same one-way error component form. But, now there are additional cross equation

variances components to be estimated. When one considers the whole model, the variance-

covariance matrix for the set of G structural equations is given by:

(1.32) Q-Euw' =%,® I,®J, +X,® I, ®I,

17



!

whereX | = [cf,jl} andx, = [cfon J are both G x G matrices, andu’ = ul,u),...,uy isalx

nGT vector of disturbances with u; defined in equation (1.30) for j = 1,2,...G. Before

proceeding, it is helpful to define two matrices, P and H, which are useful in transforming
the structural equations. Let P be the matrix which averages the observations across time
for each individual and H be the matrix which obtains the deviations from individual

means. Thus,

n—u

’ ! q q J
P=2,22,6 72, ,=1®J,, whereJ, = % .
J; '
H=1,-P= IT—T &I,

Now it is possible to transform the stacked system of equations in equation (1.29)
by I,®H and I;®P to get, respectively,
(1.33) y=Zé+uandy=75+u
where y= I,®H y,Z=1,®H Z,and G= I_,®H u;and y= I, ®P vy,
Z=1,®P Z,andu= I,®P u.The W3SLS and B3SLS estimators can be obtained
by performing 3SLS on these transformed equations using, respectively,
I.®N and I, ®N as sets of instruments, where N =HN and N =PN.

Similarly, spatial dependence in the errors can be written as follows:

(1.34) y=2Z0+u
u=p I, OW u+ I, O, u+o

where

! P and H are idempotent, orthogonal and sum to the identity matrix.
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Y1 Z - 0 9, u,
0z, - 5
y= :yz ; Z=diag Z; =|. 2,_ | 8= :2 - and u= :uz

Yo 0 - Z 0 Ug

with Z, = Y,,X; ,8;= B,y; for j = 1,...,G and the other notations as given in

equation (1.29).

In order to facilitate the modeling of spatial error dependence in the context of
panel data, the data is arranged time wise. Apart from this difference in the arrangement of
the data, the format is similar to equation (1.29) above. Now consider the jth equation of
the system in equation (1.34):

(1.35) Yi=2;8;+u,
u,=p; I; ®W u; +v;
where
(1.36) v, =1, ®y y+o,.
The mean and the covariance of the innovation vectorv; can be given by:

E v, =0
(1.37) ,
E v =Q, =0, J;®1, +0; I,®I

From the second part of equation (1.35) it follows that

-1

(1.38) u=1L®I1,-pW v

i it

Thus, the mean and the covariance of u;can be given as follows:
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Eu =0

]
E uu) =9, :[IT® I,-p,W ‘1}901 [IT ® 1,-p,W' 1}
(1.39) A -
=Q, [IT® I-pW }[IT® I,-p,W }

-Q, [IT ® I,-pW  1,-pW 1}
where on is as given in equation (1.37). This can easily be extended to the whole model.

But, first note that the variance-covariance of the innovations for the whole model can be
given by:
(1.40) Q =X ®P+X ®H

where ¥, =TX +X .
Thus, the variance-covariance matrix for the set of G structural equations is computed as:

- -1

(141) E w =QU=QD[IT® L-pW I -pW } forj=1,..G.

Both spatial lag dependence and spatial error dependence can also be incorporated
into the standard simultaneous equations models in the context of panel data. Recalling
equations (1.29) and (1.34) the spatial autoregressive panel data model with spatial
autoregressive disturbances can be formulated as follows (all notations and definitions are

as expressed before):

y=20+u,
(1.42)

u=p I ®W u+v
with

v=I @ u+to
where
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Y, Z - 0 0, u,

0 Z, ---0 o u

y = :yz , Z=diag Z; =|. ° .|} 8=[."|; and u=| "’
Yo o - Z 0 Ug

Note that y; is nT x 1 vector of observations on the endogenous variable in the jth

equation,Z; = Y;,X;,WY; a matrix of dimension nTby G1,-1+K1,+G1,

.8, = B},v}, A} where B;is G1;-1by 1, y,isK1,by 1, and2,isG1 by 1, and u; is nT by
1 vector of disturbance in the jth equation, for j=1, 2, ..., G. The variance-covariance of

the innovations and the disturbances for this model are the same to those given in equations

(1.40) and (1.41), respectively.

3. Estimation Issues in Spatial Simultaneous-Equations Models

The presence of a combination of feedback simultaneity, spatial autoregressive lag
simultaneity and spatial cross-regressive lag simultaneity in spatial simultaneous equations
models creates a number of complications of which the questions of whether or not each
equation of the model is identified, the choice of estimators and the treatment of
instruments are the most important ones (Rey and Boarnet, 2004). The traditional rank and
order conditions for identification, for example, are not applied if the system is expressed
as (all notations are as defined before except now B is a matrix of coefficients whose
diagonal elements are 1):

(1.43) YB=XI'+WYA+U.

Pre- and post-multiplying the matrix of endogenous variables in equation (1.43) by two

distinct coefficient matrices leads to two different reduced forms. Thus, this system as it
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stands does not lend itself to the application of the traditional rank and order conditions for
checking identification. If the models, however, are viewed as special cases of
simultaneous equations that are nonlinear in endogenous variables, identification can be
checked by checking for the following necessary conditions:

1. All the endogenous variables in the model can be expressed in terms of the

exogenous variables and the disturbance terms. This condition is fulfilled if

matrices 1,,—B" and I,-p,W are nonsingular With‘pj‘<1,forj =1,...,G.

n

2. The solution of the model for the endogenous variables in terms of the exogenous

variables and the disturbance terms is unique. This condition is fulfilled if the

!

. . . . ~ NEZ. . . .
instruments matrix N is selected in such a way that lim L is a finite matrix

n—o n

which has full column rank forj=1, .., G.

3. The number of endogenous variables appearing on the right hand side of an
equation must be less than or equal to the number of exogenous and lagged
endogenous variables appearing in the model but not in that equations

It is well known that the presence of endogenous variables on the right hand side of an

equation in the simultaneous equations system violates the assumption of zero correlation
between the regressors and the disturbance term upon which the unbiasedness or
consistency of ordinary least squares (OLS) estimators are based. For the same reason, the
presence of the endogenous variables in their lagged form on the right hand side of an
equation leads to biased and inconsistent OLS estimates. Besides, the existence of a
spatially autoregressive error term in an equation leads to the inconsistency of OLS. Hence,

an alternative estimation method must be used in order to obtain unbiased and consistent
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estimator for the parameters of the spatial simultaneous equations models. One such an
approach is the instrumental variables procedure suggested in Kelejian and Prucha (2004).
3.1. Cross-Sectional Data Setting

Kelejian and Prucha (2004) suggest limited and full information instrumental variable
estimator for the parameters of a spatial simultaneous equation model and derive the
limiting distribution of those estimators. In the case of limited information (single equation)
estimation, they proposed a three step generalized spatial two-stage least squares (GS2SLS)
procedure to estimate the unknown parameters in the jth equation of the model in equation
(1.24). The first step consists of the estimation of the model parameter vectord; in
equation (1.28) by two-stage least squares (2SLS) using the instruments N, where N is

defined in reference to equation (1.28) above. The resulting 2SLS estimator is given by:

(1.44) o = Z
where Z, =P, Z, = Y,,X,,WY withY; =P,Y; WY; =P,WY,, and P,=N N'N "N’

is a projection matrix. Although Sjis consistent estimator ofd,it does not utilize

information relating to the spatial correlation of the disturbance terms. These 2SLS
estimates are used to compute estimates for the disturbances u; which in turn are used to

estimate the autoregressive parameter p; in the second step of the procedure. The resulting
2SLS residuals are hence given by:
(1.45) 0,=y,-Z3,.

In the second step, Kelejian and Prucha (2004) used the generalized moments procedure to

estimate the spatial autoregressive parameter of the disturbances of the jth equation, for j =
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1,..., G, of the model in equation (1.28). Note that from the relation in equation (1.28) we
have:
(1.46) uj—ijuj =g;

and pre-multiplication by the weights matrix W gives:
(1.47) Wu, - p,W?u, = We,.

The following three-equation system is obtained from the relationships between equations

(1.46) and (1.47):

ge. u'u. Wu, Wu, u. Wu,
# i +,0j2 j j _ij j : j
J g, Wu, Wy, , W, Wiy, W2, Wu,
(1.48) = - +p; -2p; -
' ! 2 !
£ We, u|, Wu, , Wu, Wy, (ui Wiy + Wu; - Wu, j
n T n e n
Taking expectations across equation (1.48):
ge uu. Wu,  Wu, u’ Wu,
# - Jn i +,0j2 i i —2,0j i : i
We, Wg,  Wu, Wu, Wi, W, W,  Wu,
(149 E - = - + P - pjf
' ! 2 !
¢ We, ui Wu, , Wu, W, [“i Wiy + Wu; - W, j
ZiT% = +p! - p;
n n n n
yields:
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u'’ Wu, Wu u’ Wu.
r 7 17 2 J J J J
2 TP R
g
tr WW Wu, Wu, o W, W, W Wu.
(1.50) |of—— |=E —+pf —— ——2p,—— ’
n n n
tr W '
2 _ ’ ' 2
o] - =0 U, Wu, _Wu, WZU, (uj Wi, + Wu;  Wu, ]
) ) P ~ P
n n n
and after rearranging:
- - E uj Wu, ZE( Wu; - W, j 2
il 2, " P " g
n
' 2 2 2
wu, " Wu E(Wuj Wuj) ZE(Wuj Wujj Tt WW
(151) E =|2p, -} :
n n n n
u’. Wu, ' )
W @)@ @)
I n | 1p - - P - 0
~ L | B W, E( Wu; - W, j
il - 1
n " n
/ 2, 20 w2 P
Wu, W E(Wuj Wujj E[Wuj Wujj i WW J2
(152) E =12 ps
n n n n :
u’. Wu, , o
j : j E(uj@zuj)@ujMujj E[@ujmzuij T
- 0

Y

Thus, the system in equation (1.52) can be rewritten as (j = 1,...,G):

(1.53)

_ _ -1
T, —Yjaj - —Yj T,
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The parameter vector a; = pj,pjz,O'jz would be completely determined in terms of the

relation in equation (1.53) if z;and Y'; were known. Note thatz;and Y, are not observable.

Following the suggestions in Kelejian and Prucha (2004), however, the following

estimators for 7, and Y, in terms of sample moments can be defined as:

[u;uj, wa,  wa, L0, wa, ]

0. = )
: n
(1.54) 20 W, - wa, wa, "
1 : '
0,=-|2 Wi, Wi, - Wi, W2, tr W'W
n
(a'j W2, + Wa, W, J @, ¢a )y o

Thus, given the estimates in equation (1.54), the empirical form of the relationship in
equation (1.53) can be given by:

(1.55) 0; =0;0; +g;.
Sinceo; andO; are observable and @, is vector of parameters to be estimated, &;can be
viewed as a vector of regression residuals. Thus, the second step estimators of p; and af :

say, p;and 6-].2 , are nonlinear least squares estimators defined as the minimizer of:

!

Pi Pi

2 2

(1.56) 0,-0,|p; 0,-0,| p;
0'2 0'2

or
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p P
p;,6; = argmin| o, —0;| p; ||| 0, -O,| p;

2 2
O'j O'j

—

In the third step of the procedure a Cochrane-Orcutt type transformation is applied to the

model in equation (1.28). More specifically, let:
Yilp))=y;—pWy; and Zi(p;) =Z; - pWZ;.
Then, equation (1.28) becomes:
(1.57) Yi(p)=Z;(p))8; +e
If o, were know we could perform 2SLS on equation (1.57) to obtain the generalized

spatial two-stage least squares (GS2SLS) estimator for g, . That is:
a = = 1=, y
(1.58) 6,': Zj(pj)Zj(pj) Zj(pj)yj(pj)

WhereZ’; (p;)=Py Z(p;)and P =N N'N “N’ .But, since in practical applications p; is

not known, it is replaced with its estimate as defined in equation (1.56) and estimate the
model in equation (1.58) using 2SLS. The resulting estimator is termed as the feasible

GS2SLS and is given by:

A

ZELA NITFE LA BT W
(1-59) 6?: Zj(pj)Zj(pj) Zj(pj)yj(pj)
where Z3(p,) =P, [Z, - p,WZ,;]1and y;(p;) =y, — P;Wy;.
The three step GS2SLS procedure is applied in estimating the parameters of spatial

simultaneous equation models when the spatial dependence is either spatial error

dependence or both spatial error dependence and spatial lag dependence. When the spatial
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dependence is only spatial lag type and if the disturbances are white noise, then, the second
step and consequently the third step are not required.

One of the limitations of the limited information (single equation) estimation
technique is that it does not take into account the information provided by the potential

cross equation correlation in the innovation vectorse; . In order to use the information from

such cross equation correlations, it is important to stack the equations given in equation

(1.56) as follows:
(1.60) Y'(p)=Z(p)d+e

where

Y (P)= Yi(p).Yelps) Z'(p)=diag®, Zi(p,) .p= pr.pe and 6= 6.8,
Recall from equation (1.26) thatE ¢ =0andE gg’ =X ®I_. Assuming that pand X

were known, equation (1.60) could be estimated using the instrumental variable technique.
In that case, the resulting systems instrumental variable estimator of & would be the
generalized spatial three-stage least squares (GS3SLS) estimator which can be given by (all

notations as defined before):

(1.61) 8= Z'(p) ML, Z'(p) Z'(p) LI, y' (D).

Since in practical applications pand X are not known, their estimators are required to
obtain the feasible estimator foro .The generalized moments estimators for p; and ajz are
defined in equation (1.56). Note thataf is the jth diagonal element of X. Besides, a

consistent estimator for X can be derived by combining equations (1.57) and (1.59) as:

(1.62) 6% =
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whereg, =y3(p,) - Z] (,bj)éf . Then, the G by G matrix whose (j,I)th element is6*, defines

a consistent estimator for £ denoted by £ . Substituting X with X in equation (1.61) gives
the feasible generalized spatial three-stage least squares (FGS3SLS) estimator foré . That
is:

a L AN - _*A_l_*/\(’\— * g A
(1.63) 8" = Z'(p) TT®L, Z'(p) Z'(p) eI, y'(P).

3.2.Panel Data Setting
The same procedure is also applicable to the panel data case with minor change in the
arrangement of the data set and some changes in notations. Now, recall the spatial

autoregressive panel data model with spatial autoregressive disturbances, from equation

(1.42):

L64 y=20+u,

(1.64) u=p I, ®W u+v
where

v=I ®y p+o.

As it is evident from equations (1.37)-(1.41), the variance-covariance
matrix @, depends on p,6? and o;. Thus, a feasible estimator for the parameter of the
model requires consistent estimators of p,6> and 6. To this end, generalized moments
estimators of p,6? and 67 are defined in the following subsection. These generalized

moments estimators generalize the generalized moments estimators given in Kelejian and

Prucha (2004) for the case of a single cross section. First, the generalized moments
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estimators of p,6? and o in context of single equation are defined and then the procedure

is generalized to system of simultaneous equations model.

Consider the jth equation of the system in (1.64). The generalized moments

estimators of p;,6>, and o7, are defined in terms of six moments conditions. These six

moments conditions, forT > 2, are given as follows:

- Tl N v, Hv, =0,
1 ! » 1 /
I,®W v, H I, ®W v, =0, —tr WW
nT-1 n
1 '
vH I, ®W v, =0
(1.65) nT-1
1.
EHDjPl)j =612j

E%@(@W)j)’(@‘v)j) chj%tr@,w:
E%vj'P@(@W)j) =0

1
v;Hv;and E=v’Pv,do not represent the

Note that sincenj are not observable, E
nT-1 n

unbiased analysis of variance estimators of o2, and cfj, respectively. The

o]

innovations v, can, however, be expressed in terms of the disturbances and the disturbances
in turn can be substituted by their estimated values which are observable. Thus, using the
relations in the jth equation of (1.64), let:

v, =u;—p; I, ®W u;
(1.66) ,
I, OW v, = I, ®W u;—p; I, ®W* u;

Substituting the expressions in (1.66) forv;and I, ® W v, into (1.65) gives the moments

conditions in (1.65) in terms of the disturbances. That is:
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1 '
T Uimp h8W U Huj-p; L 8W =6,

1 ' 1
E—— LOW U -, L®W: u; H 1L®W u-p; 1, ®W* u, =cijﬁtr W'W
1 '
wen E—— U= L®W U, H LOWu;-p, L ®W’ u, =0
1 , )
Eﬁ u=p; 1 8W U PE-p, GBWD,) =9

E%(®W)i ~h (®W2)i> @®W)j ~h (®W2)i) =6} %” @w

£ Gr, €OWD, P OWD -, (oW ),) -0
After rearranging, this yields a system of six equations that can be expressed as:
(1.68) Y,a,-7,=0

where

u’jHuj
nT-1

LOW u, H I,®W u,

nT-1
uH 1, ®W u;
r =E nT-1
J )
uquj
n

LOW u, P LLOW u,
n
uP 1L ®W u,
n

31



EUH LOW U E( LOW u; H LW uj]
2 - 1 0
nT-1 nT-1
E[ I, ®W* u, HOLOwW U j E[ L W’ u, H 1L oW u, j tr@W)
2 —
nT-1 nT-1 n- 1)
E(u'jH(@Wz)j)(ébW)j)-I(@W)jj ((@W)J)-I((@WZ))
0
Y = n-1) n(-1)
, E((@W))’(@W)j
EQPOW)D i i
9 (l ( )J) _ 0 1
n n
E[@@WZ)j)((®w)j} E(@@)w?)j)((@w)jj W
n
(u P(@WZ) )(@)w))(@ij ((@W) (®W2)>
0
n ]
,and_ i
Pi
P
aj = o'az)j
Kt
The system in (1.68) consists of six equations involving the second moments
ofu;, I, ®W u; and I, ® W* u;.However, since u;, I; ®W u;and 1, ® W? u,

are not observable, the generalized moments estimators are defined in terms of sample

moments. These sample moments are obtained by replacing theu;’s in (1.68) by their

estimated values (U, ), where the estimated disturbances are computed as:

(1.69) i,=y,-2Z3,
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wherey; and Z; are defined in equation (1.42) ande is an estimator of8; obtained by

estimating the regression model in equation (1.64) by two-stage least squares(2SLS) using

the instruments N. After substituting u;by G, the system in (1.68) becomes the sample
analogue to (1.68) and can be expressed as:
(1.70) Oja;-0;=¢; 0,

where

nT-1
G’jH I, ®W Gj
o.=E nT-1
J )
uquj
n
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EdH 1,8W G,
_ 1 0
nT-1 nT-1
2~ ' ~ 2~ ! 2 ~
ZE[ LOW i, H I,8W ujj E( LOW i, H 1, ®W uj] tr@’w)o

E( LOW O, H 1, 8W uj)

nT-1 i nC-1) (-1
E(G}H((@Wz))(@\’v)ﬁ}'(@w)) _E((®W)J)'|(®W2)J’> ;

n-1) n-1) ’
ZE(;P(@@W)) _E[(‘@W)‘)’(@W)—j

0 1

ZE((@)wz)j)(@w)j} _E[(@WZ)}(@W)) w@ny

n

E[G]P@®WZ))(®W))(®W)’> _E(@@)W))@@Wz)j 0

,and &; a; isa vector of residuals.

Now, it is possible to define the unweighted and weighted generalized moments

estimators of pj,cz and cfj . When equal weights are given to the moments conditions,

oj

the generalized moments estimators of p;,67; and o7, say, p;,6,; and 6;; respectively,

are defined as the unweighted nonlinear least squares estimators corresponding to (1.70).

More formally, /Sj,éfaj and &fj are defined as the nonlinear least squares estimators that

minimize:
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(L7 & pj.ol.07 é p;,0o,05 =10,-0;la. || ]0,-0,; o),

J o)

2 2
O'1j O'lj
or
’
Pi Pi
2 -
P; 6 UJ, = argminy|o; —O; %, 0, -0, a(” ,
2 2
O'1j O'lj

p;€ -11,0.,€ 0,¢c, 07 € 0,¢

When the moments conditions are weighed by a weighing matrix, say, @, the generalized

moments estimators of p; ,6> and o; ; » however, are defined as the nonlinear least squares

o]

estimators that minimize:

P Pj
2 _ =1
(1.72) & £;,0.5,0%; <I>F, P, 0.0 0,-0,|o. || ®'0,-0,|0),
2 2
oy, oy,
or
’
Pj Pj
2 H -1
PG OJ, = argminy|o; -0, 0',0J @, "o, -0, 0',0J :
2 2
opy opy
p;e -11 O'(UJ e 0,c, 0'12j e 0,¢

where 5,52, and 67, are the weighted generalized moments estimators of p;,6.; and o7,

respectively and @ ; Is the consistent estimator of @; with ®; representing the variance

covariance matrix of the sample moments at the true parameter values. Recall that in this
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research the sample moments at the true parameter values are given by the left hand side

expressions on equation (1.65) with the expectations operator suppressed. Thus, ®; can be

expressed by:

2 2tr(WWj 0
. n
G(uj I I r ’
0 WW W'+W
173 @ =|T-1 ® 2tr(WW) 2tr(wj tr( j
4 n n n
0 Y
(W’W W'+ W j (WW+W'W)
0 tr tr
n n

where s and 6}, are as defined in equation (1.71) When o, and ¢}, are replaced by their
consistent estimators, say, 6° ;and (sfj respectively, equation (1.73) becomes :

2 2tr(WWJ 0
n
G,
- - 0 ' WW' W'W W' +W
L74) @}'=T-1 |® 2tr(WWj 2tr(w) tr( j
4 n n n
0 G
w'w @V'+W +W'
S L2 (A3 P
n n
(i)j is consistent estimator of @, provided the estimators for o., and o7 are consistent.

Now, consider once again the jth equation of the system given in (1.74) and recall (1.39).

prj,cj,j and cfjwere known, then the generalized spatial two-stage least squares

(GS2SLS) estimator of &, can be given by:
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A

— B —1_, ~
ﬁj:[Zj Qujl(pj,cij,cfj) ZJ} VA Qujl(pj,cij,clzj) Y,
1 il -
={z'j[gvj(cj,j,ofj)[lT® L-pW I -pW ﬂ ZJ}
(1.75)
-1
> -1 , 1
xzj[nnj(cij,ofj)[u@ L-pW I -pW ﬂ Y
— -1 _ .
=1Zi(0) @153, Di(0) | Zi(0) QL5028 D)
=] — * = * — ’ -1 !’
where Z' (p,) =Py, Z;(p,) with zj(pj)=[|T® 1, —p,W ]zj, P,=N N'N 'N

2
o]

andy’ (pj):[IT ® 1,-p,W }yj. But, since in practical applications p;,s;,; and cfj are

not known, their estimators as defined in (1.71) or (1.72) are used instead. The resulting
estimator is termed as feasible generalized spatial two-stage least squares estimator and is
given by:
@76 8 =[Zy(5) 16,8 L(5)] Zis) @168 vi(5).
The variables y;(p;)and Z](p;) can be viewed as the result of a spatial Cochrane-Orcutt
type transformation of the jth equation of the model in (1.74). That is, pre-multiplication of
the first and the second parts of the jth equation of (1.74) by 1, ® I, —p,W gives (j =
L,...,G):
1.77) Yi(p)=Z;(p;)8; +v;.

One of the limitations of this estimator in (1.75), however, is that it does not take

into account the information provided by the potential cross equation correlation in the

innovation vectorsv;. In order to use the information from such cross equation

correlations, it is important to stack the equations given in (1.77) as follows:

(1.78) Y (p)=Z(p)d+v
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where

Yp)= vi(p) Ve (ps) ,Z*(,o)zdiang=l Z(p) ,p= Py pPs and 6= 6.,
Note that the mean of the innovation vectorv is zero. Recall also from (1.40) that

Ew =Q =X QP+X, ®H,where X, =TX +X,, with £, =[0§“] )
z, :[a(iJ and hence X, =[012” =To; +o, ]all G by G matrices. Assuming that

p and  were known, the system in (1.78) could be estimated using instrumental variable

estimation technique. The resulting systems instrumental variable estimator of & would be
the generalized spatial three-stage least squares (GS3SLS) estimator and can be expressed
as:

A — — -1 —
(1.79) 5=|Z'(p) @}el.00) Z'(p)| Z'(p) @)(e%0) ¥'(p).
However, since p and £  are not known in practical applications, their estimators are
required to obtain a feasible estimator foré . The generalized moments estimator for p can
be obtained from (1.72) and since € is composed of ¢’ and e; its estimator can also be
obtained from (1.72). Besides, consistent estimators of 6> and 67 and hence of Q. can be
derived by combining (1.76) and (1.77) as (j, 1 =1,...,G):
~2 * g~ * 7~ \aF ® o~ * g o~ F
G, = yj(pj)_Zj(pj)aj H y (5)-Z,(5)9, /n T-1
&%= YA -Zi(5)8] P yi(B)-Z(5)3] /n

(1.80)

Then, the G by G matrix whose (j,)th element is 6,2“.,

defines a consist estimator for
X denoted by iw and the G by G matrix whose (j,I)th element is éfj, defines a consistent

estimator for X, denoted by X, .Thus,
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(1.81) Q =X QH+Z QP.

Replacing pand Q by pandQ, =9 (6°,67)in (1.79), hence, yields the feasible

[0}

generalized spatial three-stage least squares (FGS3SLS) estimator which can be expressed

as:
(1L82) 8" =[Z'(p) @621 Z'(P)] Z'() 66D v(P).

4. Specification Tests

Specification tests form one of the most important areas of research in econometrics
(Hausman, 1978). Once the system of simultaneous equations is specified, there is an
opportunity to test both coefficient restrictions and asymptotic orthogonality assumptions.
When there are more instruments than needed to identify an equation, a test can be done to
investigate whether the additional instruments are valid in the sense that they are
uncorrelated with the error term. This is commonly known as test of the overidentifying
restriction. To explain this, consider the jth equation of the system of simultaneous
equations given in this study:

(1.83) y; = YB; + X7, +u;

where Yj is a vector of Gj-1 included right-hand endogenous variables, X is a vector of k;
included predetermined variables, u; is disturbance term, and the vector of K; excluded
predetermined variables is given by X*;.

Anderson and Rubin (1950) was the first to develop the procedure for testing the
overidentifying restriction based on the asymptotic distribution of the smallest

characteristic root (;) derived from LIML estimation. Their likelihood ratio test statistic

is base on n(4;-1) which under the null hypothesis is distributed as Chi-squared with (Kj-
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(Gj-1)) degree of freedom which is equal to the number of overidentifying restrictions..

That is,
(1.84) LR=%"|K;~ G;-1 |=n 2-1

where n is the sample size and all other notations are as defined above. A large value for
LR is an indication that there are exogenous variables in the model that have been
inappropriately omitted from the jth equation. This test statistic, however, is difficult to
compute. Hausman (1983) proposed an alternative test statistic based on Lagrange

multiplier principle which is asymptotically equivalent but easier to compute. This test
statistic is obtained as nR’, where n is the sample size and R?is the usual R-squared or the

uncentered R-squared of the regression of residuals from the second-stage equation on all
included and excluded instruments. In other words, simply estimate equation (1.83) by

2SLS, GMM, LIML or any efficient limited-information estimator and obtain the resulting

residuals, 4;. Then, regress these on all instruments and calculatenR?. The statistic has a

limiting chi-squared distribution with (Kj-(Gj-1)) degree of freedom which is equal to the
number of overidentifying restrictions, under the assumed specification of the model.

One potential source of misspecification in spatial econometric models comes
from spatial autocorrelation in the dependent variable or in the error term or in both.
Anselin and Kelejian (1997) proposed Moran’s I statistics based on residuals that are
obtained from an instrumental variable (IV) procedure such as 2SLS in a general model
that encompasses endogeneity due to feedback simultaneities as well as spatial
autoregressive /or cross-regressive lag simultaneities. Following Anselin and Kelejian

(1997), this statistic is specified as:
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(1.85) I = n(awo}

e
S,u'u

where n is the sample size, G is the IV residuals, W is the spatial weights matrix, and Sy is

the usual normalizing factor given by
S0 =22
i

Note that for a row standardized spatial weights matrix, Sp is equal to n because each row

sums to one. Hence equation (1.85) is simplified to:
(1.86) |*=(“}f\f”).

Anselin and Kelejian (1997) shows that
n’21" 25 N[0,¢7]

where
S 4
1.87 2= 2 4| |A
( ) ¢ 2812 [Sfof ]
with S;and S, finite constants such that

51=Iimiiwu/”’and
j

n—o i

S,=limtr[ W+W’" W+w’ ]/n,

o’ is error variance, and
A= plim[ nwWz, n Z/Rz,  nzZwu }
Replacing S;, S,, A by their finite sample counterparts, respectively
S =33 o
i
S,=tr[ W+W" W+W’ ]/n
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A:[ nuWZ; n Z\PZ, B n'zZwu' }

!

and o by its consistent estimator, 6> = ('G/n in equation (1.87) would give a consistent

estimator for ¢?, say 4.

With ¢°replaced by its consistent estimator ¢?, an asymptotic test can be constructed such
that the null hypothesis of no spatial autocorrelation may be rejected at thea level of
significance if

nY?|*

~1Z

o

where z,, is the value of the standard normal variate corresponding to « .
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