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ABSTRACT 

 

 

Experimental Measurement of Dielectric Properties of Powdery Materials using a Coaxial 

Transmission Line 

 

Robert Tempke 

 

This study proposes a standard methodology for coaxial dielectric property measurements of 

powdery materials (1-10GHz) using a coaxial transmission line. Four powdery materials with 

dielectric constants ranging from 3.5 to 70 (SiO2, Al2O3, CeO2, and TiO2) were experimentally 

investigated at varying volume loading fractions in a paraffin mixture. A statistically significant 

number of paraffin heterogeneous-mixtures was synthesized for all dielectric powders. The 

dielectric properties of the constitutive materials were determined using appropriate mixture 

equations. The sensitivity of the equations dielectric prediction to volume loading is discussed 

with guidance on selecting the best mixing equation. It was determined that low volume loadings 

of less than 10% was ideal for a general case where little to nothing is known about the sample. If 

the general range of the dielectric constant is known different mixture equations were found to be 

optimal for specific ranges. Furthermore, there was not a single mixing equation that proved best 

over the entire range of dielectrics studied. To this end, a standard testing procedure for powdery 

materials is justified, with guidelines for selection of an appropriate mixture equation. The 

justification is based on the ratio of the dielectric constant of the powder to that of the paraffin. 

These findings provide a baseline procedure for determining dielectric properties of new powdery 

materials that have applications in the area of microwave catalysis.
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CHAPTER 1: INTRODUCTION 

1.1 Background 

The experimental characterization of how electromagnetic (EM) waves interact with 

powdery materials is critical to new devices and process developments at GHz frequencies.  While 

the physics of this wave-matter interaction at microwave wavelengths has been well established, 

the experimental measurement technique to derive the properties is often subject to considerable 

random error. These random errors are typically a result of inconsistency of the testing procedural 

method and large uncertainty in the mathematical approach used to determine the constitutive 

dielectric properties from a mixture. Moreover, there will be variability in the dielectric constant 

of a material between measurements even using the same sample preparation method, dependent 

upon the dipole-dipole interaction within the sample1. Currently in literature there are no 

guidelines or best practice methodologies that allow researchers to consistently and accurately 

measure the dielectric constant of powdery materials. In considering all the aforementioned 

uncertainties in the dielectric measurement of powdery materials this paper outlines and justifies 

several best practice guidelines for determined the dielectrics of powdery materials.  

One of the targeted applications of these powdery materials is for the transformation of 

chemical processes at microwave frequencies that have the potential to achieve new processing 

windows. With new processing windows comes the potential for new product distribution at higher 

conversion efficiencies, permitting new modular reactor designs. Often these chemical processes, 

require the use of a catalytic material that have tailored microwave absorption properties. In 

tailoring these microwave sensitive catalysts there are several physical attributes that contribute to 

how well these particles absorb EM radiation; the particle shape, size, electrical conductivity, and 

heterogeneity all influence the bulk dielectric properties2. Moreover, powdery materials exemplify 

a majority of these problematic attributes with irregular shape and widely varying material 

properties.   

The complexity of these catalyst materials leads to inaccurate dielectric constant 

measurements which is extrapolated by the difficulties associated with the different measurement 

methods. There are multiple measurement techniques, such as rectangular free-space waveguide, 

open-ended probe, and coaxial precision airline that are used commonly in literature to measure 

the dielectric properties of materials3,4,5. The coaxial precision airline is the preferred method as it 

provides a precise measurement (low random error) of the transmission lines, which can readily 

be transformed into a complex dielectric constant. This study will focus on the use of a coaxial 

airline method with non-magnetic materials.  

A brief survey of the current literature reveals several preparation methods used to measure 

powdery material in a high precision coaxial airline. These methods include sintering pellets of 

powdery materials and die pressing powders into pellets. Each of these methods come with their 

own difficulties and drawbacks, resulting in inconsistency of reported values. Air inclusion in pure 

powder testing is one of the greatest challenges; no matter how packed a powder, there will be air 

present in the plug creating increased variability during testing6. While sintering powders is a long 

complex process requiring extensive equipment and can often be time consuming. This coupled 
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with bulk changes to the materials dielectric properties and density make it a less than ideal method 

for the testing of complex powders7,8. A better approach that retains the morphology of the powders 

is to cast the sample into a paraffin matrix. In addition to retaining the morphology, this method is 

less expensive, easier, and faster than sintering pellets. Moreover, it avoids any concern with 

transformation of the materials crystalline phase by post-heating or partial annealing of the sample 

during sintering. This makes it the preferred method, which is corroborated by many other studies 

in the literature.  

1.2 Objective 

The main objective of this study is to create a quick, easy, and cheap methodology for the 

dielectric testing of powdery materials in the frequency range of 1-10 GHz that is accurate and 

repeatable. This study looks to use the paraffin composite method to test the powders dielectric 

constant without the need for extensive preprocessing and to avoid any changes to the structure of 

the powdery materials. Casting the powder in paraffin adds an additional phase to the transmission 

line measurement making it a composite. There are several mathematical expressions that can be 

used to calculate the composite properties of homogenous mixtures and can then be solved using 

the inverse of the mixing equation for the powder’s dielectric properties.  Though this is a well-

cited practice, there is a lack of information on the procedural method of how to process these 

paraffin composites and select the correct mixing equation to achieve a high precision, low random 

error result 9,10,11.  

In order to provide clarity on this problem the study focused on two aims. The first aim 

was to determine if there is an ideal volume loading of powdery material into the paraffin matrix. 

This aim was achieved by analyzing the accuracy of 10 common two-phase mixture equations in 

calculating the dielectric constant of different volume loadings, using powdery materials of known 

dielectric constants. A look at the absolute percent error between the predictive values of the 

mixture equations and the measured dielectric constant of a composite can reveal what volume 

loadings range is more accurate for all mixing equations.  

The second aim was to determine which equation was most accurate for a specific range 

of dielectric constants. Four different powdery materials with known frequency independent (in 

the microwave range) dielectric constants ranging from 2-100 were analyzed at four different 

volume loadings and analyzed with the same 10 mixing equations. Once again, the absolute 

percent error of each equation was calculated based on the output of the equations and the 

measured dielectric constant of the composite. This allows for a conclusion on which equation to 

use if the general range of the dielectric constant of the powder is known. 
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1.3 Significance 

The lack of a standard method in testing powdery materials is leading to an overabundance of 

studies being published that can’t be compared to one another or researchers are incorrectly 

comparing studies that are fundamentally different. This study will provide researchers a 

standardized method of material preparation and measurement of a powder’s dielectric properties 

that will decrease measurement error and provide a platform for research comparison. It will also 

lead to more accurate measurements of complex materials such as magnetic, paramagnetic, and 

heterogeneous/mixed-phase powders with a simple preparation method that will not alter the 

morphology of the material. 
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CHAPTER 2: TECHNOLOGY AND THEORY 

2.1 Microwave Technology 

2.1.1 Microwaves 

Microwaves are a form of electromagnetic radiation with a varying range of wavelengths 

from 3 m to 3 mm possessing frequencies of 1 GHz to 100 GHz. Microwaves unlike radio 

frequencies travel by line of sight rather than as ground waves or as reflections from the 

ionosphere12. Microwaves fall within the inferred and radio waves in the electromagnetic spectrum 

which is shown in Figure 2.113.  

 

Figure 2.1: Electromagnetic spectrum with a visualization of the visible spectrum shown as a 

subset of electromagnetic radiation13. 

 

Microwaves are used in a wide variety of applications such as point-to-point 

communication links, wireless networks, microwave radio relay networks, radar, medical 

diathermy, cancer treatments, remote sensing, satellite communication, spacecraft communication, 

radio astronomy, spectroscopy, industrial heating, collision avoidance systems, particle 

accelerators, garage door openers and keyless entry systems, and for cooking food in microwave 

ovens14. 

Microwaves consist of electromagnetic waves made up of two components, an electric 

field and a magnetic field. Microwaves are synchronized oscillations of the electric and magnetic 

fields both of which propagate at the speed of light. These two waves are commonly perpendicular 

to one another and to the direction of the energy, with this perpendicular wave propagation forming 

a transverse wave, this is shown in Figure 2.213.  
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Microwaves posses several unique characteristics and advantages over what can be seen at 

other wavelengths. These electromagnetic waves drastically reduce the time of heat conduction in 

a sample by directly heating the material15. These quick heating rates have been used in a variety 

of applications used in everyday life. Especially important for this study is the use of microwaves 

in the fields of organic chemistry, catalytic chemistry, inorganic material chemistry and analytical 

chemistry. Microwaves are especially useful in these fields over conventional heating as they drive 

regioselectivity, regular radical reaction, molecule orientation, high crystallization, anisotropic 

crystal, specific solid-phase diffusion, and strong reducing reaction 15. The formation of 

temperature gradients at the microscale when using microwaves for catalyzed reactions if 

controlled would allow for huge advances in the field of catalytic chemistry. Microwaves are a 

type of non-ionizing radiation meaning that they do not contain enough energy to ionize or change 

substances. 

 

2.2 Microwave Material Interactions 

High-frequency electromagnetic waves effect solid materials in a multitude of ways 

depending on their different material classifications. Most materials used in microwave 

applications are designed to either pass a conduction current or prevent its flow as completely as 

possible. Conductors reflect microwaves from their surface without being effectively heated by 

the microwave. The electric field generated moves electrons freely from the surface of the material 

thereby heating the material via the resistivity of the heating material 16,17. Conductive material 

can be regarded as a nonconducting dielectric with resistance in parallel. This allows for the 

microwaves to reflect off the material without absorption, losses, or heat generation. An illustrative 

example of this is shown in Figure 2.3a17. 

Dielectric materials are characterized as materials that have changeable dipole interactions 

which result in heat generation17. The passage of microwave radiation through the medium 

generates absorption and heat generation throughout.16,16. Electromagnetic waves can be applied 

to heat dielectric materials by applying the electric field to induce polarization of the charges 

within the material being heated. The polarization cannot match the rapid reversals of the electric 

 

Figure 2.2 An electromagnetic wave propagating in the +z direction through a 

homogenous, isotropic, dissipationless medium. The wave is linearly polarized, where the 

electric field is shown in blue and the magnetic field is shown in red. The electric field 

oscillates in the ±x direction while the magnetic field oscillates in the ±y direction13. 
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field and thus induces the heating of the irradiated media. It can also result in dipolar moments, 

which are merely localized reorganization of polar molecules. The magnetic component of 

electromagnetic waves introduces magnetic moments into the material. This local reorganization 

of linked and free charges is what is commonly known as the polarization phenomena. The 

polarization phenomena have two main points, the storage of electromagnetic energy within the 

irradiated medium and the conversation of thermal energy in relation to the frequency of the 

electromagnetic stimulation18,19,16. An illustrative example of a dielectric material is shown in 

Figure 2.3c. 

The reorganization of linked and free charges is the physical origin of polarization 

phenomena which is clearly explain using quantum theory. The interaction between an electric 

and or magnetic field and a dipole can be explain using quantum theory. Weak coupling between 

dipole and electric field lead to no quantified orientations existing. Dipoles are typically associated 

with chemical bonds, and movement of the dipole induces a correlative motion in the molecular 

bonds. The motion of the magnetic moment is independent of this molecular motion1916.  

The physical orientation of polarization can be expressed by the quantity �⃑�  which gives 

the contribution of matter with regards to that of a vacuum. The electric field and the polarization 

are linked with the Maxwell’s equations. The displacement and the electric field can be expressed 

as �⃑⃑�  and �⃑�  respectively, their relationship can be seen in Equation one. The dielectric permittivity 

is the ratio of the electric displacement to the electric field19,16. 

 

 �⃑⃑�  = 𝜀 ̅𝐸⃑⃑ ⃑⃑  ⃑ (1) 

 

The contribution of matter to polarization can be give as �⃑�  and the dielectric medium can 

be characterized by 𝜀.̅ �⃑�  describes a polarization process relating to the response of dipoles and 

charges applied to the field. The relationships between these different fields is expressed in 

Equation two15,21 . 

 �⃑⃑�  = 𝜀 ̅𝐸⃑⃑ ⃑⃑  ⃑ = 𝜀0�⃑� + �⃑�  (2) 

 

Insulating materials allow microwaves to penetrate the material without absorption, losses 

or heat generation. The electronic reorientation or distortions of the induced and/or permanent 

dipole can result in heat generation within the material16,17,22. The material has the ability to 

polarize within the electric field generated by the microwave. A schematic of an insulating material 

is shown in Figure 2.3b with some examples of insulators being quartz glass, porcelain, ceramics, 

Teflon exc.   
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2.2.1 Permittivity 

 The capacitance encountered in the formation of an electric field of a medium is denoted 

as the absolute permittivity. This can be expressed as the amount of charge needed to generate one 

unit of electric flux in the medium being studied. Permittivity in essence is a materials ability to 

store an electric field in the polarization of the medium19. A material’s dielectric medium usually 

is expressed as the relative permittivity of the material, this term is commonly called the dielectric 

constant in literature2,23. It can be expressed as kappa κ which is the ratio of the absolute 

permittivity to the electric constant. Dielectric constant is not typically constant, it varies with 

position in the medium, the frequency of the field applied, humidity, temperature, and other 

parameters. In a nonlinear medium the dielectric constant can vary with the strength of the applied 

electric field19.  

 κ = 𝜀𝑟 = 
𝜀

𝜀0
 (3) 

 

The dielectric constant is directly proportional to the electric susceptibility χ, which is a 

measurement of how easily a dielectric polarizes in response to an electric field. The relation of 

these terms is given in equations 4 and 5.  

 χ = κ - 1 (4) 

 𝜀 =  𝜀𝑟𝜀0 = (1+ χ) 𝜀0 (5) 

 

The two main points of wave-matter interactions can be expressed by the two components 

of the dielectric constant.  

 𝜀 =  𝜀′ − 𝑗𝜀′′ = 𝜀0𝜀𝑟
′ − 𝑗𝜀0𝜀𝑟

′′ (6) 

  

Where 𝜀′, 𝜀′′, 𝜀𝑟
′  , and 𝜀𝑟

′′ are the real and imaginary parts of the complex dielectric 

permittivity and the real and imaginary parts of the relative complex dielectric permittivity. The 

ability of a material to store electromagnetic energy is expressed as the real part and the thermal 

 

Figure 2.3: Subfigure a: electrical conducting material, subfigure b: insulating material, 

subfigure c: dielectric material17. 
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conversion potential is proportional to the imaginary part24. In Figure 2.4 the effects of different 

process on both parts of the permittivity are shown. 

 

The electric loss of a material can be expressed in terms of the real and imaginary parts of 

the relative complex dielectric permittivity. This term is commonly referred to in literature as the 

loss tangent of a material. The most important aspect of the loss tangent is that it is proportional to 

a material’s ability to absorb heat19,24,25.  

 tan 𝛿𝑒= 
𝜀′′

𝜀′  (7) 

2.2.2 Permeability 

In electromagnetism the degree of magnetization of a material in response to a magnetic 

field is termed permeability24,25. The permeability is a measurement of the ability of a material to 

support the formation of a magnetic field within itself19. Permeability is directly related to the 

magnetic field �⃑� . The relation is shown in Equation 8, where �⃑⃑�  is the auxiliary magnetic field. 

The auxiliary magnetic field influences dipole migration and magnetic dipole reorientation in a 

medium resulting in different magnetic fields19.  

 �⃑� = 𝜇�⃑⃑�  (8) 

 

The permeability is termed 𝜇, it is a second rank tensor for an isotropic medium and a 

scalar for an isotropic medium26. Like permittivity, permeability is not typically constant, it varies 

 

Figure 2.4: Dielectric permittivity spectrum over a wide range of frequencies. 

Various processes are labeled on the image: ionic and dipolar relaxation, atomic 

and electronic resonances at higher energies67.  
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with position in the medium, the frequency of the field applied, humidity, temperature, and other 

parameters. In a nonlinear medium the dielectric constant can vary with the strength of the applied 

magnetic field27,28,29. 

Like permittivity, there is a relative permeability that is merely the ratio of the permeability 

of a specific medium to the permeability of a free space. The relative permeability is directly 

related to the magnetic susceptibility19.  

 𝜇𝑟 = 
𝜇

𝜇0
 (9) 

 𝜒𝑚 = 𝜇𝑟 − 1 (10) 

 

The relative permeability has both a real and imaginary portion just like that of the 

dielectric constant. Where the real part is the magnetic permeability and the imaginary part is the 

magnetic loss. The ratio of which is a measure of how much power is lost in a material versus how 

much is stored19. The losses of a material are induced by the domain walls and from the electron 

spin resonance12,19,30. The material can be placed at the magnetic field maxima in order to allow 

for maximum absorption of microwave energy12,19,30. 

 𝜇 =  𝜇′ − 𝑗𝜇′′ = 𝜇0𝜇𝑟
′ − 𝑗𝜇0𝜇𝑟

′′ (11) 

 tan 𝛿𝑚= 
𝜇′′

𝜇′  (12) 

 

2.2.3 Microscopic, Local and Macroscopic Fields 

When a semi-infinite medium has an electromagnetic field applied the material will show 

effects from the particle back-reaction field and the applied field19. This results in charges and 

spins inside the medium which react with the local fields but not directly with the applied field. In 

the case of a dielectric material, the surface-charge dipole-depolarization fields that oppose the 

applied field will change the macroscopic and local fields in the material when interacting with an 

electromagnetic field19. This relationship grows more complex as consideration is made for the 

time-dependent high-frequency fields. In this circumstance the dipole orientations and thus the 

electromagnetic fields can be affected by a number of factors, including depolarization, 

demagnetization, thermal expansion, exchange, and anisotropy interactions12,19,30.  

When modeling the relationships between the applied, macroscopic, local, and microscopic 

fields a special attention must be payed to where the fields originate from and their interactions 

with one another. External charges generate the applied fields, while the macroscopic fields are 

merely the averaged quantities in the medium. The macroscopic fields can be implicitly defined 

through the constitutive relationships with boundary conditions. 

  

2.2.4 Local Electromagnetic Fields in Materials 

The effective local field is commonly defined as the Lorentz field in literature, where the 

Lorentz field is defined as the field in a cavity that is varved out of a material around a specific 
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site. The local field for a Lorentz spherical cavity can be defined as the sum of the applied (𝐸𝑎), 

depolarization (𝐸𝑑𝑒𝑝), Lorentz (𝐸𝐿𝑜𝑟𝑒𝑛𝑡𝑧) , and atomic fields (𝐸𝑎𝑡𝑜𝑚)  as shown in Equation 

1316,19,30.  

 𝐸𝑙 = 𝐸𝑎 + 𝐸𝑑𝑒𝑝 + 𝐸𝐿𝑜𝑟𝑒𝑛𝑡𝑧 + 𝐸𝑎𝑡𝑜𝑚 (13) 

 

Where for a cubic lattice in the sphere the applied field can be related to the macroscopic 

field and polarization by Equation 1416. 

 
𝐸𝑙 = 𝐸 + 

1

3𝜀0
𝑃 

(14) 

 

This polarization field (P) for a molecule is expressed as a function of the local field (E), which 

can in turn be expressed as a function of the macroscopic field. These relationships can be seen in 

equations 15 and 1616.  

 𝑝 ≈  𝛼𝐸𝑙 (15) 

 𝐸𝑙 =  𝛽𝐸 (16) 

  

The relationship is between the fields is difficult to calculate, this is due to the local field’s 

relationship to the macroscopic field, the polarizabilities, permittivity, and permeability absorb 

parts of the local field. 

2.3 Measurement Models for Material Properties 

2.3.1 Transmission/Reflection measurement techniques for lossy materials 

The characterization of microwave material interactions can be defined as a mathematical 

model, where the waves that are reflected and transmitted through the material at a certain 

frequency are measured. In a transmission/reflection (TR) measurement, a material is placed into 

a waveguide or coaxial line and subjected to a microwave with a known frequency26. The material 

reflects part of that wave while allowing for some of it to pass through. The study of this effect 

revels the specimen’s dielectric properties. The reflection and transmission data are known as 

scattering data. The scattering data must be solved using the electromagnetic boundary-value 

problem in order to determine the materials properties26.  

2.3.2 Scattering Parameters 

Scattering parameters (S-parameters) are a type of small-signal AC commonly used to 

characterize RF components. S-parameters establish small-signal characteristics of a device at a 

specific bias and temperature31. They are measured by making the measuring device impeded 

between a 50-ohm load and a source, drastically reducing the chance of oscillations to occur. S-

parameters have the distinct advantage of not varying in magnitude at points along a lossless 

transmission line because they are traveling waves not terminal voltages31. A signal wave for a 

two-port electrical-element is represented in Figure 2.5, where a1 is the wave into port 1, a2 is the 

wave into port 2, b1 is the wave out of port 1, and b2 is the wave out of port 2.  
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A conventual element S-parameters for microwaves can be defined as in equations 17 and 

1818. Where s11 is the port-1 reflection coefficient, s22 is the port-2 reflection coefficient, s21 is the 

forward transmission coefficient, and s12 is the reverse transmission coefficient. For a 50 ohm 

system with the two-port setup, each port is terminated at 50 ohms and the s21 parameter represents 

the voltage gain of the element from port 1 to port 232. S-parameters are commonly displayed as 

magnitude plus phase of the wave being measured or as a real plus imaginary number converted 

from the magnitude and phase. 

 𝑏1 = 𝑎1𝑠11 + 𝑎2𝑎12 (17) 

 𝑏2 = 𝑎1𝑠21 + 𝑎2𝑎22 (18) 

 

2.4 Instrumentation 

There are several methods used in literature to measure the above-mentioned material 

properties each with different strengths and weaknesses. No one technique can characterize every 

material for every frequency leading to a need for a plethora of techniques based on several key 

factors. The selection of a measuring techniques depends on several significant factors such as, 

frequency, accuracy, temperature, material nature, sample size and or thickness, containing or non-

contacting, destructive or non-destructive and cost. Most dielectric property measurement 

techniques can be broken into two categories; resonant and non-resonant33,34. Resonant methods 

characterize materials at discreet frequency points where the dielectric material is used as a 

resonant element33. The drawbacks to this method are that the sample must be a low loss material. 

The resonant method technique also known as perturbation method requires samples to be placed 

into a resonant cavity33,. The resonant cavity causes perturbations that result in resonant frequency 

shifts. This form of the resonant method is used for low to moderate loss samples33,34. 

The non-resonant method is used to measure frequencies over a broad range. This 

technique is the more prevalent one in literature as it utilized the transmission and reflection 

coefficients discussed in section 2.3.233. Some of the most common non-resonant techniques in 

literature are the coaxial airline method, waveguide method, free space method, and coaxial probe 

method33,34. 

2.4.1 Coaxial Line 

The coaxial airline is part of the transmission line method, utilizing the measurement of a 

reflected signal and transmitted signal. A coaxial transmission line is a cylindrical test cell with a 

 

Figure 2.5: Single wave in a two-port electrical-element. Simple representation 

of a standard 2 port measurement for S-parameters32. 
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center conductor running concentric, cut to the exact length as the test cell, a schematic is shown 

in Figure 2.7. The coaxial line is characterized by the material filling the entire cross section with 

no air gaps existing at the walls33. The coaxial line technique can measure magnetic materials, it 

is however limited at its lower frequencies based on the sample lengths. The coaxial airline 

technique can cover a broad frequency range and is best for lossy machinable solids31.  

The coaxial airline method is one of the transmission line methods commonly used in 

literature and has their associated advantages and disadvantages. These advantages include the 

ability to cover a wide frequency range from 50 MHz to more than 100 GHz as well as to measure 

anisotropic materials. Coaxial airlines are used to measure solid and powdery materials with low 

to medium loss33,35. It is one of the most accurate measuring techniques available for the testing of 

material properties. This is because the bandwidth of the coaxial airline is smaller than that of 

some of the other techniques discussed in this study. The presence of a center conductor in the 

coaxial airline method avoids the creation of any higher order modes that would cause increased 

error33,35. 

The disadvantages of the transmission/reflection line methods include the air-gap effects 

and the difficulties of discontinuities associated with samples that are multiples of one-half 

wavelengths33,35<sup>35</sup>. The presence of the center conductor makes the creation of 

testing samples slightly more difficult than other methods as well as reduces the amount of power 

that the testing cell can handle33,35.   

 

 

2.4.2 Waveguide 

The waveguide measurement technique can take several different shapes but is typically a 

rectangular cross section, a schematic is shown in Figure 2.8. Like the coaxial line, the waveguide 

method requires the sample to fill the entire cross section and no airgaps to exist at the walls33. 

The waveguide technique can also measure magnetic materials with limitation at lower 

 

Figure 2.6 Keysight Network high precision coaxial airline. Used to 

measure the scattering parameters and calculate the associated material 

properties. Example of a testable material is shown as the composite36. 

Composite Plug 

Coaxial Air Line 
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frequencies. The waveguide method can measure anisotropic materials while the coaxial method 

cannot. High precision machining of samples is also required for the waveguide31.  

When using the waveguide method to measure material properties it shares many of the 

same advantages and drawbacks as the coaxial method as they are both transmission line 

measurements. The waveguide method is used to measure samples with medium to high loss33,35. 

Waveguides have easy to manufacture shapes making sample preparation comparatively simple. 

Since the waveguide is filled with only air and the sample, no power is lost through radiation with 

dielectric loss being negligible. At high power the waveguide technique is able to give accurate 

measurements because of the fact that air has a breakdown voltage of 30 KV/cm33,35.  

The disadvantages associated with all transmission/reflection line methods have to do with 

the disassociations when the sample is a multiple of one have wavelength and the effects of airgaps 

on the sample. For waveguides in particular, the outer wall has to be thick making it quite 

expensive and susceptible to power loss through heating. The lack of an inner conductor limits the 

measurable bandwidth of the waveguide and make it vulnerable to the generation of higher order 

modes within the waveguide33,35. 

 

2.4.3 Free Space 

Free-space measurement techniques use antennas that focus microwave energy at or 

through a slab of material without the need for a test setup. This method assumes that the material 

being measured is large, flat, and is a parallel faced sample. The sample is also assumed to be 

homogenous during testing. This free-space measurement is non-contacting as well as non-

destructive. Free-space measurements are done at high frequencies and can sustain operations at 

high temperatures. An illustration of the free space method is shown in Figure 2.9. The free space 

 

Figure 2.7: Waveguides for use in vector network analyzer, shown are 

both a circular and rectangular waveguide68. 
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method can have their antenna polarization varied for anisotropic materials and can measure 

magnetic materials31,33.  

When using the free space method to measure material properties there are several 

advantages of using this technique over the others discussed in this study. The free space method 

covers a wide range of frequencies while requiring no contact. Free space sample preparation is 

very easy as it is best for large flat solid materials and can be tested at high temperatures33,35. It has 

relatively moderate accuracy for high and low loss materials. Some of the problems associated 

with this method are the diffraction problem from the material edges, along with a low end 

threshold based on the practical sample size33,35.  

 

 

2.4.4 Coaxial Probe Method 

Open ended coaxial probe method measures a material by immersing the probe into a liquid 

or touching it to the surface of a solid (or powder). The probes electromagnetic field changes as it 

comes into contact with the material allowing for a measurement of the reflected signal (S11) and 

related to the dielectric constant of the material. The coaxial probe method is rated to test materials 

in the range of -40 to +200 ºC, leaving it often termed as a high temperature probe. The sample 

being measured must be appear infinite to the probe, meaning there must be enough of the sample 

so that the thickness allows accurate calculations31. Figure 2.10 shows a Keysight coaxial probe 

that comes as standard with the VNA36. 

 The coaxial probe method has several distinct advantages it covers broadband frequencies, 

it can measure isotropic and homogenous materials, sample preparation is easy and fast, it is non-

destructive and has very high accuracy for high-loss materials. This method is best when used to 

measure semi-solids or liquids rather than large solid materials33,35. Some of the drawbacks for this 

method include the above discussed airgaps that can cause errors in the measuring of material 

properties. This technique also required repetitive calibrations in order to produce repeatable 

 

Figure 2.8: Illustration of the Free space method during testing 

of material properties31.  
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results33,35. Typically, the coaxial probe method requires a large amount of sample material to 

achieve material measurements.  

 

2.4.5 Network Analyzers 

Network analyzers are the preferred method for the collection of data on electromagnetic 

wave, material interactions. Network analyzers work by measuring the scattering parameters in 

order to characterize a material. Vector network analyzers (VNA) measure both amplitude and 

phase, allowing for more detailed information to be gathered about the material being measured, 

an example is shown in Figure 2.10. Network analyzers are subject to various sources of error such 

as, Nonlinearity of mixers, gain and phase drifts in amplifiers, noise introduced by the analog to 

digital converter, imperfect tracking in dual channel systems, imperfect matching at connectors 

and imperfect calibration standards26,36.  

 

Figure 2.9: Standard Keysight High Temperature Coaxial Probe, 

used to collect scattering parameters from a material so a VNA can 

calculate the material properties36 . 
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2.5 Error 

2.5.1 Random Uncertainties and Error 

In transmission/reflection measurement techniques there are several different types of 

error, one of them being random uncertainties of the calibration and from the specimen itself. The 

three main types of random uncertainties and error sources typically related to 

transmission/reflection measurements are errors in measuring the magnitude and phase of the 

scattering parameters, error in specimen length and error in reference plane positions26. To 

counteract this problem a differential uncertainty analysis can be applied to both s11 and s21 

separately. For both s11 and s21 the dominate uncertainty is the phase, with longer specimens having 

less uncertainty. It has been found in literature that at higher frequencies S-parameters have larger 

uncertainties in phase26. 

2.5.2 Systematic Uncertainties 

The other type of error associated with transmission/reflection measurements is systematic 

uncertainties. These uncertainties can be broken down into several main types, gaps between the 

specimen and specimen holder and specimen holder dimensional variations and line losses and 

connector mismatch26. There are standard equations in literature that are made to handle the first 

type of uncertainties for gaps around the specimen37,38. Along with airgaps other systematic 

uncertainties include short-circuit and waveguide wall imperfections and losses26. Waveguide 

losses can be corrected with by taking a measurement of an empty waveguide and calculating the 

appropriate correction factor or attenuation coefficient. For airgaps additional measurements using 

a resonator of the same material in the frequency band being measured will determine the required 

gap in the correction formula.  

2.5.3 Corrections to Data 

With the many possible errors associated with dielectric measurement testing and the 

difficulty of data collection, corrections must be made once a measurement has been obtained. The 

 

Figure 2.10: Keysight Network Analyzer part of the vector network analyzer 

family of machinery. Used primarily to measure the scattering parameters and 

calculate the associated material properties. VNA’s are used for many of the 

different techniques mentioned in the following sections36. 
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corrections must account for the systematic uncertainties and if possible the random uncertainties 

and error. Known uncertainties associated with transmission/reflection measurements are airgaps 

around the sample, wall imperfections, and losses. Airgap corrections are most important when 

considering the coaxial method of testing with particular emphasis on the center conductor26. For 

both coaxial and waveguide method, airgap correction are particularly important in whichever 

region has the strongest electromagnetic field 37,38. Both waveguides and coaxial lines at ambient 

temperature will experience some power loss because they are not perfectly conducting. The 

different propagation modes will be attenuated to some degree because of this power loss 26.  

2.6 Permeability and Permittivity Calculations   

2.6.1 Nicolson-Ross-Weir 

The most widely used method for calculating permittivity and permeability from S-

parameters is the Nicolson, Ross, Weir method (NRW)39,29. This method is applicable over the 

range of 100 MHz to 18 GHz when using a computer-controlled network analyzer. However it is 

subject to singularities when the specimen length is a multiple of one-half wavelength in the 

material26. This is especially prevalent for low-loss materials as it is impossible to measure the 

phase of S11 accurately. NRW takes measurements in the frequency domain rather than the time 

domain24,25 which avoids the need of using a Fourier transform to calculate permittivity and 

permeability. The NRW method works for both waveguides and coaxial lines using discrete 

frequencies in less than 20 kHz steps29.  

2.6.2 Nicolson-Ross-Weir Polynomial Method 

The NRW polynomial method is an iterative technique to fit material properties to a 

polynomial. This method increments the method of the polynomial until the difference between S-

parameters calculated from the polynomial and the measured S-parameters are less than the 

expected system performance. This method can also be done using a user specified maximum 

order for the polynomial23,40.  

2.6.3 NIST Iterative Solution 

For a general iterative solution if the material being tested has a known length and reference 

plane it is possible to use an iterative solution to solve for the permittivity and permeability. Using 

various linear combinations of the scattering equations and solving them iteratively will result in 

a stable solution for permetivity26. This iterative method however can be unstable when solving 

for both permittivity and permeability, with integrals of one-half wavelength causing the instability 

due to the TEM mode resonance. The NIST iterative solution is only suitable for permittivity 

calculations as it assumes the permeability is equal to one. A solution is obtained using a Newton-

Raphson’s root finding method35. The common inaccuracy peaks associated with the NRW method 

are avoid when using the NIST iterative method, making it suitable for long samples and low loss 

materials35. However, a disadvantage of this method is the need for a good initial guess.  

2.6.4 NIST Non-Iterative 

The NIST non-iterative method like the iterative method is only applicable for permittivity 

calculations as it also assumes the permeability of one. The non-iterative method is similar to the 

NRW method but with a different formulation of equation based on the assumption of permeability 

of one. Unlike NRW this method is stable over the whole range of frequencies for any sample 
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length. An advantage the non-iterative method has over the iterative one is the lack of an initial 

guess with both of them providing high accuracy. The non-iterative method can also be solved 

very when compared to some of the other methods35.  

2.6.5 Short Circuit Line 

The short circuit line (SCL) method is used in coaxial and waveguide measurements and 

features only one port. Like the NIST methods the SCL method is applicable for permittivity only 

and uses the same Newton-Raphson numerical approach35. This method like the iterative one 

requires a good initial guess in-order to avoid convergence to any local optima41. The SCL method 

is best for broadband measurements with ling samples and low loss materials. The distance from 

the sample to the short-circuit termination must be known to a high degree of accuracy in order to 

obtain usable results. To obtain the permittivity a strong electric field is preferable for accurate 

results41.   

2.7 Microwave Heating 

 The use of microwave heating for chemical applications such as chemical synthesis, 

catalyst, analytical chemistry, materials, polymers, drug discovery and biochemistry has become 

a major foundation of research 21,20,42. The use of microwave energy to treat materials such as 

vermiculite is a long-standing practice. However, there persist a lack of understand about the 

dielectric behavior of this material in the microwave regime. An understanding of vermiculites 

dielectric behavior would allow microwave heating to be used for electrical separation 

technology20. This technology can be used in the separation of vermiculite ores from gangue 

materials during mining20. Microwave heating has been used extensively in chemical processing 

to the effect of controlling the shape of powder particles21. This is accomplished by controlling the 

energy delivered to the processes and rapid production of the particles. The dielectric constant 

controls the anomalous behavior of the powder particles at a microscopic scale, resulting in 

different thermal distributions. The key controlling factor that allows the process of microwave 

heating to be achieved is the dielectric constant of the material being processed. 

2.8 Powdery Materials 

Powdery materials are good for many applications because of several important factors, 

the dominate one being there incredibly high surface area. Fine powders have an exposed surface 

area of over a million times greater than that of undivided material43. Powdery materials physical 

behavior is governed interparticle forces, in particular the gas-particle interaction, geometry of 

particle positions and geometry of particle contacts when in ambient gases43,44. When the particles 

are small and dry the interparticle attractive forces are much higher than the single particle weights 

leading to aggregation. The strong attractive forces and strong gas interactions experienced by 

powdery material are what sets it apart from the behavior of large solids44.  

The coupling of microwaves with powdery catalyst materials is a very active area of 

research with many promising results15. Heterogenous catalyzed reactions provide desirable 

reaction fields. If selected heating a unique property of microwaves is applied to certain processes 

it can provide incredibly unique results. if a nonpolar sample or gas are involved in a microwave 

catalyzed chemical process then this would result in only the catalyst being heated. The 
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understanding of heterogenous powdery catalyst can greatly increase the possible reactions used 

in a multitude of fields.  

2.9 Specimen Preparations for Powdery Material 

2.9.1 Sintering 

Powdery sample preparation for many different procedures requiring a process called 

sintering to form the desired shape and material characteristics. Sintering involves heating a 

powder at high temperatures any typically also involves pressing a powder into a desired 

temperature. Sintering effects many different physical attributes of powders including porosity and 

grain size resulting in changes to hardness, yield stress, compressive strength, and wear 

resistance45. For most powders as sintering temperature increases grain size increases while 

porosity is reduced45, this makes finding a balance between them to maximize mechanical behavior 

an important factor in powder processing. It has also been found in literature that sintering has a 

direct effect on density and lattice structure46. These effects can have repercussions on the 

dielectric constant and other parameters affecting them in unknown and uncontrollable ways. 

Sandi et al. shows a direct correlation between sintering temperature and dielectric constant47. 

Sintering can help in many processes to form the desired shape, but sintering can also have 

unknown and unpredictable consequences on internal material parameters. As figure 2.11 shows 

sintering has a drastic effect on particle morphology48, this is especially true for multi-phase 

powders like catalyst. These changes in morphology as a result of sintering would render most 

catalyst useless. 

 

2.9.2 Pressing 

Pressing uses pressure to form powder into the desired shape, either using hot or cold 

pressing49. Hot pressing involves packing a powder into the desired shape at an elevated 

temperature. This technique is usually coupled with sintering to achieve the desired shape. Cold 

pressing is accomplished by applying pressure on a loose column of powders in a closed die to 

form a compact powder50. It can be further classified into two more types of pressing, axial 

pressing or isostatic pressing. The effects of pressure on powders is highly dependent on their 

particle size, shape, composition, and size distribution49. Pressing powders has several drawbacks 

 

Figure 2.11: (a) Alumina pellet with individual grains, (b) well sintered pellet 

with defined cleavage plans at 1580 ºC48. 
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with the uneven distribution of density causing the most problems in industrial and scientific 

applications. Some of the other common problems with powder pressing are punch and die 

fractures, slip cracks and cleavage fractures49, 50. Figure 2.12 shows the effect of particle size in 

powder pressing and defines well the uneven distribution of density always present in this 

methodology51. 

 

 

2.9.3 Paraffin Matrix 

Paraffin wax is widely used in literature to set powders into a matrix for scientific testing, 

it is a cheap and well characterized material. It comes in several different forms with fully refined 

solid paraffin existing at room temperature with a melting point of around 58 °C 52,53. This low 

melting point and well understood characteristics make it an obvious choice for room temperature 

dielectric testing. The wax can be melted and combined with powders at different volume loadings 

using mechanical agitation. The two-phase mixture can be cast into whatever form is desired for 

testing. This methodology has been around since the 1950’s and requires the usage of two-phase 

homogenous mixture equations in order to calculate the dielectric constant of the powder91,54. This 

methodology permits for control over many of the variables that are lacking in the other methods. 

Things such as the elimination of air within the sample as well as control over the exact amount 

of the two-phases being used. One of the big advantages of using a paraffin matrix is that it is 

accomplished at below 75 ºC thereby avoiding undesirable sintering effects. This ensures it has no 

limits in the type of powder that can be measured. The different mixture equations associated with 

this method along with their benefits and drawbacks will be talked about in section 2.8. Using this 

 

Figure 2.12: Effects of particle size on both hot isostatic pressing and cold 

isostatic pressing51. 
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methodology allows for the reduction of unknown variables resulting in more accurate test results 

then the other methods presented in this paper.  

2.10 Mixture equations for Two Phase Homogenous Composites 

The process of determining the dielectric constant is a complex process with no exact 

solution existing. There are several equations in literature that attempt to take the dielectric 

constant of two different materials and predict their combined dielectric constant. These equations 

are of use in the paraffin composite methodology as they can be set to solve for the dielectric 

constant of the constitutive material with the composites dielectric constant being experimentally 

tested.  These equations are almost exclusively based on only four variables, the dielectric constant 

of the powder and its volume loading, the dielectric constant of the inclusion matrix and its volume 

loading and the dielectric constant of the two-phase composite. The EMT mixture equation 

discussed in section 2.8.8 has an additional variable of a shape factor constant. The equations all 

aim to predict the behavior of the dipole-dipole interactions between the different phases of the 

materials, with varying degrees of success19. The difficulty in predicting the dielectric constant of 

a two-phase homogenous composite lies in the fact that no exact solution existing for the 

electrostatic problem in a random heterogenous geometry1. This study focuses on measuring the 

dielectric constant of the two-phase mixture and back-calculating the dielectric constant of 

powders dielectric constant. 

 

2.10.1 Parallel Mixing Equation 

One of the standard equations for predicting the dielectric constant of a two-phase 

homogenous composite is the parallel mixing equation. Equation 19 shows the parallel mixing 

equation also sometimes called the linear law, it is part of a family of predictive equations called 

the power law family. This formula is abdicable if the theoretical configuration of the mixture is 

formed of plates or other types of inclusion where no depolarization is induced 55. This mixture 

equation is made to mimic that of a parallel plate capacitor. The following sections use the same 

nomenclature where 𝜀𝑚𝑖𝑥, 𝜀𝑚, and 𝜀𝑝 stand for the dielectric constant of the mixture composite, 

matrix material (paraffin), and powdery material respectively. 𝑉𝑝 is the volume loading of the 

powder and 𝑉𝑚 is the volume loading of the paraffin1. 

 𝜀𝑚𝑖𝑥 = 𝑉𝑝𝜀𝑝 + 𝑉𝑚𝜀𝑚 (19)  

 

2.10.2 Series Mixing Equation 

Another equation for predicting the dielectric constant of a composite is the series mixing 

equation. Equation 20 is setup so that the dielectric constant of the components behave like that of 

a series capacitor54.  

 (𝜀𝑚𝑖𝑥)
−1 = 𝑉𝑝(𝜀𝑝)

−1 + 𝑉𝑚(𝜀𝑚𝑖𝑥)
−1 (20) 
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2.10.3 Logarithmic Mixing Equation 

The Logarithmic mixture equation can be shown to be derive from the famous Maxwell-

Garnet equations56. It is another empirical equation that aims to predict the behavior of two 

intermixed dielectric constants. The formula was obtained by further assuming a random 

distribution of shapes and orientations for each component enabling the charge density at any 

position to be replaced by the mean charge density of the mixture56. 

 ln(𝜀𝑚𝑖𝑥) =  𝑉𝑝ln (𝜀𝑝) + 𝑉𝑚ln (𝜀𝑚) (21) 

 

2.10.4 Lichtenecker Mixing Equation 

The Lichtenecker mixing equation is another of the power-law family of equations. This 

equation averages the logarithms of the permittivity’s in order to mathematically predict the 

dielectric constant of the mixture55.  

 𝜀𝑚𝑖𝑥 = 𝜀𝑝

𝑉𝑝 ∗ 𝜀𝑚
𝑉𝑚  (22) 

 

2.10.5 Looyenga Mixing Equation 

The Looyenga mixture equation is one of the differential mixing models available in 

literate. It attempts to mathematically predict the internal microstructure interaction between 

dipoles. These equations are derived based on differential analysis rather than on first principle 

calculations. This equation is considered to be similar to the Bruggeman family of equations 

because of the symmetry between matrix and inclusion1.  

 𝜀𝑚𝑖𝑥
1/3  = 𝑉𝑚𝜀𝑚

1/3 + 𝑉𝑝𝜀𝑝
1/3 

 

(23) 

 

2.10.6 Birchak Mixing Equation 

The Birchak mixing equation is also part of the power-law family of equations were the 

permittivity is averaged by volume weights. For this formula the square roots of each components 

permittivity add up to the square root of the mixtures permittivity. This mathematical model also 

can be used to state that the refractive index of a mixture’s nonmagnetic gases is the volume 

average of the indices of each component a useful tool in optical physics1. 

 𝜀𝑚𝑖𝑥
1/2  = 𝑉𝑚𝜀𝑚

1/2 + 𝑉𝑝𝜀𝑝
1/2 

 

(24) 

 

2.10.7 Poon-Shin Mixing Equation 

The Poon-Shin Mixture equation is derived from the polarization of each inclusion related 

to the electric field along with the electrical displacement as a function of electrical field and 

polarization. The Poon-Shin model revolves around the idea of the displacement field as a function 

of a single particle’s sum forces. Those forces are broken down to the medium and the polarization 

of the particles that are embedded in the medium5754. This equation is desired for when the 
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dielectric constant of the inclusion particle is greater than that of the matrix material, for our 

application this translates to  𝜀𝑝 < 𝜀𝑚
57.  

 

𝜀𝑚𝑖𝑥 = 𝜀𝑚 [1 + 
𝑉𝑃(

𝜀𝑝

𝜀𝑚
− 1)

𝑉𝑃 + (
𝑉𝑚
3 ) [

𝜀𝑝

𝜀𝑚
𝑉𝑚 + 𝑉𝑝 + 2]

] 

(25) 

 

2.10.8 Effective Medium Theory Mixing Equation 

The Effective Medium Theory mixing equation (EMT) is one of the Maxwell-Garnet 

family of equations. It is an algebraic formula were the mixtures dielectric constant is calculated 

as a function of the constituent permittivity’s their volume fraction and a shape factor denoted n. 

This model attempts to idealize the geometry and model the microstructure using simple forms30,54. 

The EMT mixing equation is designed to include first-order scattering effects of the inclusions. 

The contribution to the imaginary part of the effective permittivity is estimated by calculating the 

energy that the electric dipoles radiate30,55. Where n acts in the equation as a depolarization factor. 

 
𝜀𝑚𝑖𝑥 = 𝜀𝑚 [1 +

𝑉𝑝(𝜀𝑝 − 𝜀𝑚)

𝜀𝑚 + 𝑛𝑉𝑝(𝜀𝑝 − 𝜀𝑚)
] 

(26) 

 

2.10.9 Maxwell-Garnet Mixing Equation 

The Maxwell-Garnet Mixing equation is one of the oldest and most popular mixture 

equations for two-phase dielectric composites. The equation was derived based on ignoring the 

associated density fluctuations about a mean value and instead focusing on the dipole character of 

scattering1,58. This approach can be used to include the finite-size effects of scattering, with the 

main limitation being the lack of discrimination between two random media. This is especially 

true when the media has the same density of scattering but have different statistical 

distributions1,55,59,30. It is commonly claimed that weak particle interaction is a condition of the 

Maxwell-Garnet theory.  

 
𝜀𝑚𝑖𝑥 = 𝜀𝑚 + 3 ∗ 𝑉𝑝𝜀𝑚 (

𝜀𝑝 − 𝜀𝑚

𝜀𝑝 + 2𝜀𝑚 − 𝑉𝑝(𝜀𝑝 − 𝜀𝑚)
) 

 

(27) 

2.10.10 Jayasundere-Smith Mixing Equation 

The Jayasundere-Smith Mixing equation was derived in order to predict the dielectric 

constant of binary piezoelectric0-3 composites. Jaysundere and Smith derived their expression by 

modifying Kerner’s expression. Which focused on the interactions of isolated dielectric spheres in 

a dielectric continuum. The system that this equation is design to handle is composed of 

piezoelectric sphere with a dielectric sphere dispersed in a constant medium. Where the spheres 

dielectric is always greater than that of the medium60. 
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𝜀𝑚𝑖𝑥 =

𝜀𝑚𝑉𝑚 + 𝜀𝑝𝑉𝑝 [
3𝜀𝑚

(𝜀𝑝 − 2𝜀𝑚)
] [1 +

3𝑉𝑝(𝜀𝑝 − 𝜀𝑚)
(𝜀𝑝 + 2𝜀𝑚)

]

𝑉𝑚 +
𝑉𝑝(3𝜀𝑚)

(𝜀𝑝 + 2𝜀𝑚)
[1 +

3𝑉𝑝(𝜀𝑝 − 𝜀𝑚)
(𝜀𝑝 + 2𝜀𝑚)

 

(28) 

 

2.11 Dielectric Constant Bounds 

2.11.1 Wiener Bounds 

As previously discussed, different mixing models predict different permittivity values for 

the same mixture. These predictions are bound by a range of predictive values, with the loosest 

bounds being termed the Wiener bounds. The maximum bounds for the dielectric constant of the 

mixture is the same as Equation 18, where the equation mimics a parallel capacitor circuit1. In this 

equation the mixing formula is assuming an aligned ellipsoid with a depolarization factor of 01. 

The minimum permittivity values for a mixture are given by the Equation 19 where the equation 

mimics a series capacitor circuit55. This equation also assumes aligned ellipsoids where the 

depolarization factor is 1. These values hold true regardless of if 𝜀𝑝 < 𝜀𝑚 or 𝜀𝑝 > 𝜀𝑚 meaning 

these equations remain independent of the mixture components. Figure 2.13 shows a representative 

illustration of the upper bound (left) and lower bound (right).  

 

 

2.11.2 Hashin-Shtrikman Bounds 

Stricter bounds then the Winer bounds are available in literature, termed the Hashin-

Shtrikman bounds. This allows for researchers to get a better idea of the upper and lower limit of 

the dielectric mixture. An establishment of variational theorems that can then be used to derive 

limits for permittivity of a mixture is accomplished using these bounds1,27.  equations 28 and 29 

are the upper and lower limit of the Hashin-Shtrikman Bounds, they both assume isotropy in two 

spatial dimensions27. The Hashin-Shtrikman bounds and the Wiener bounds for a dielectric 

 

Figure 2.13: The maximum effective permittivity for a given volume fraction of 

inclusions manifest if the inclusions are in the direction of the flux as shown on 

the left side. The minimum effective permittivity for a given volume fraction of 

inclusions corresponds to when the flux is forced to pass through the phase with 

lower permittivity55.   
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inclusion of 10 are shown in Figure 2.14, this helps to illustrate how much different the structure 

of the Hashin-Shtrikman Bounds are from the Wiener bounds. 

 
𝜀𝑚𝑖𝑥(𝑚𝑎𝑥) = 𝜀𝑚 +

𝑉𝑝
1

𝜀𝑝 − 𝜀𝑚
+

𝑉𝑚
2𝜀𝑚

 

 

(29) 

 
𝜀𝑚𝑖𝑥(𝑚𝑖𝑛) = 𝜀𝑝 +

𝑉𝑚
1

𝜀𝑚 − 𝜀𝑝
+

𝑉𝑝
2𝜀𝑝

 

 

(30) 

 

 

 

 

 

 

 

 

Figure 2.14: Wiener bounds and Hashin-Shtrikman bounds for dielectric constant 

of a mixture with a dielectric inclusion of 1027.   
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CHAPTER 3: EXPERIMENTAL TESING OF POWDERY MATERIALS  

3.1 Powder Selection 

In the effort to establish general guidelines and best practice methodology this study looked 

at four different well characterized powdery materials. Silicon Dioxide (SiO2), Aluminum Oxide 

(Al2O3), Cerium Oxide (CeO2) and Anatase Titanium Oxide (TiO2). These powders were all 

commercially available and well understood homogenous powders. The powders were ideal for 

this study because of their widely varying frequency independent dielectric constant from 3.5-7561, 

62, 63, 64, 65. It was important to select powders whose dielectric constants were frequency 

independent in the microwave range to remove additional variables. The variability of the 

dielectric constants within the dialectic bounds would have resulted in added complexity when 

sorting through data to determine the accuracy of the mixture equations. 

 

Table 3.1: Powders used in the study to determine the accuracy of the mixture equations for two-

phase homogenous composites. Associated relevant information such as the supplier, density and 

dielectric constant. 

Powder Supplier Density (g/cm3) 
Particle Size 

(μm) 

Dielectric 

Constant 

SiO2 
Sigma-Aldrich at 

99.9% purity 
2.20 67 3.5 

Al2O3 

Inframat 

Advanced 

Materials at 

99.7% purity 

4.00 45 9.8 

CeO2 

Alfa Aesar at 

99.5% purity 

 

7.22 67 21.3 

TiO2 
Acros Organics at 

99.5% purity 
4.23 67 70 

 

3.2 Sample Preparation 

3.2.1 Casting Mold Creation 

In order to utilize the benefits of the paraffin composite method the two-phase composite 

has to fill all the voids in a given volume. To accomplish this a casting mold needed to be created 

in the form of an inverted test cell. Measurements of the test cell were preformed using calibers to 

get accurate measurements. The inner test cell conductor was measured and found to have a 

diameter of 3 mm while the inner diameter of the outer conductor had a diameter of 7mm. Using 

this information, a CAD file was designed that would allow for a liquid mixture to be cast and 

cured into the proper design. The CAD design is shown in Figure 3.1 A, it was made using a 

formlabs 3D printer, a final product with a cured composite is also shown in Figure 3.1 B. Not 

pictured is the outer sleeve that has an inner diameter of 7 mm to match that of the coaxial airline. 
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3.2.2 Volume Loading Selection 

Many studies in literature use different volume loadings of powder with no justification for 

their choice, this study looks to find a provide a methodology for comparison of these values. To 

this aim this study chose to look at four different volume loadings of powders, 5%, 10%, 20%, and 

30%. These different volume percentages will also provide insight on any thresholds that might 

exist for this methodology, such as percolation and interparticle effect thresholds192. In order to 

get the correct volume loadings of powder and paraffin a corresponding weight percentage needed 

to be measured out. Using Equation 31 a volume percentage can be turned into weight percentage 

and measured out on a scale. Where ρ𝑚 and ρ𝑝 are the density of the paraffin matrix and the 

density of the powder respectively.  

 
𝑀𝑎𝑠𝑠%𝑃𝑜𝑤𝑑𝑒𝑟

= (1 +
𝑉𝑚𝜌𝑚

𝑉𝑝𝜌𝑝
)−1 ∗ 100 

(31) 

3.2.3 Composite Mixing 

To create the composite the solid powders needed to be mixed with a liquid paraffin 

substance at the desired volume loading. The first step is to decide on the volume loading that is 

 

(a)                                                                 (b) 

Figure 3.1: Subfigure a: 3-D rendering of casting mold for paraffin composite 

mixtures. The molds are reusable and provide consistency from batch to batch 

production. Subfigure b the final 3D printed product with a composite mold 

attached for visualization. 
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desired and measure out the corresponding weight percentage using Equation 30. Once the paraffin 

and powder has been measured they can be combined into a single beaker and placed into a water 

bath that has been heated to 70 °C. Once the paraffin has melted and is completely liquid 

mechanical agitation can be used to mix the substances together. For particular viscous substances 

a sonic wand can be used to help ensure thorough mixture of the solution.  

3.2.4 Curing Process 

Once mixed the solution can be cast into the prepared casting molds up to four per batch. 

Four is the upper limit when using the water bath method to heat the paraffin as it will start to 

solidify as soon as it gets to a temperature of 55 °C or below53. The molds are filled to the top and 

allowed to cool at room temperature for 7 minutes until they become a complete solid again. Once 

solidified the metal sleeve surrounding the casting mold is removed by slowly twisting it around 

the sample to break any seals that may have formed whilst also pulling the sleeve off. Once the 

sleeve is removed the same twisting and pulling process is repeated for the sample to remove it 

from the center parturition. Once removed the sample can be cut to any desired length, with this 

study focusing on 10 mm sample length plugs.  

3.3 Testing Parameters 

Dielectric testing is a high precision measurement technique that is susceptible to high 

amounts of noise and instability.  To reduce these errors careful control of the testing parameters 

is required. The experimentation in this study was done using a 0.70 cm diameter coaxial airline 

(HP model no. 85051-60010) connected to a Keysight N5231A PNA-L microwave network 

analyzer known as a VNA. The VNA comes with an extensive calibration kit that allows for a 

complete tuning of phase ambiguities associated with any dislocation of the calibration planes or 

coaxial lines. The calibration includes reference shorts and open circuits as well as throughput 

calibrations to allow for the VNA to read zero across the entire spectrum. The test for this study 

were taken in ambient conditions at room temperature.  

3.4 Sample Testing 

3.4.1 Testing Cell Preparation 

Preparing the dielectric testing cell for sample testing is imperative for accurate and 

repeatable results. A cotton swap that has been dipped into isopropanol can be used to remove any 

debris or dirt that is inside of the cell. The VNA’s APC connector’s need to be thoroughly cleaned 

in the same manner to ensure a clean connection where the connector meats the testing cell. The 

interface between the connectors and the testing cell are where the S-parameters are measured 

from, specifically the inner and outer face of the conductors. These are the most important aspects 

of the VNA to keep clean and well maintained. Once the VNA has been cleaned and prepared it is 

important to ensure that the calibration is still valid. This can be done by connecting the two-ports 

together and checking the phase measurement to ensure that it is still at zero.  

3.4.2 Sample Loading in Coaxial Test Cell 

Once the samples have been prepared and the testing setup has been cleaned the sample 

can be loaded in and tested. The loading process is straight forward with the samples loaded into 

one end of the coaxial line around the center conductor. Figure 3.2 shows a sample loaded into the 

coaxial line around the inner conductor. In order for this method to be effective no airgaps can 
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exist between the sample and the inner or outer conductor. It is also important to ensure no debris 

from the paraffin composite are blocking the testing interfaces. Straight smooth edges will allow 

for more accurate measurements of the S-parameters. Once the sample is loaded compressed air 

can be used to remove any excess debris from the testing setup.  

 

3.4.3 Testing Initiation 

Once the sample has been loaded and is securely in place with no debris a testing procedure 

can be conducted. Both ends of the airline need to be securely fashioned to the APC connectors in 

the same orientation that the calibration was performed at. In Figure 3.3 a loaded test cell is shown 

that is prepared for testing. Once the test cell has been loaded a mathematical model (section 2.3) 

needs to be selected that transform the S-parameters into the permittivity and permeability. This 

study used the NRW polynomial method to calculate the permittivity of the composite plugs in 

order to avoid any discontinuities associated with one half wavelength measurements. Once the 

model has been selected, the user must define the testing range and number of measurement points. 

For this study the dielectric properties from 1-10 GHz were investigated using 1601 equally spaced 

points. Once the model has been selected the VNA will begin measuring and computing until all 

the designated measurements have been achieved.  

 

Figure 3.2: Paraffin-powder material composite plug loaded into the precision 

airline. The plug fills all the space between the center electrode and the outer 

electrode to ensure no airgaps exist. 
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3.5 CT Imaging 

3.5.1 Dispersion Verification 

For the measurements to be valid for their intended purposes it is paramount that they have 

a homogenous distribution in the paraffin matrix. To accomplish this CT images were taken from 

all volume loadings of the composites. The homogeneity of the composites is a requirement in 

order to make the two-phase dielectric mixture equations valid. An equal dispersion of the powder 

inside the matrix also will allow for more accurate initial dielectric measurements. This will also 

increase the accuracy of the mixture equations helping for a determination of the ideal equation to 

use for these applications. Figure 3.4 shows a Al2O3 composite that has been CT scanned and the 

homogeneity was confirmed using FIJI by analyzing particles per unit volume66.  The statistical 

results showed that the volume percentage of particles within the given control volume was on 

always ±1% of the desired volume loading. CT scanning also allows for verification that no cracks 

formed or air bubbles during the curing process.  

 

Figure 3.3: VNA setup for high precision coaxial airline testing. Two port VNA 

with a 10 CM testing line.  
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3.5.2 Volume Loading Verification 

Another important parameter for the mixture equations is the volume percentages. Since 

the equations are only reliant upon 4 parameters and two of them are volume loadings it is 

important to ensure that they are as accurate as possible. FIJI software allows for a volumetric 

analysis of individual plugs by analyzing the number of particles in the given volume. This was 

done to ensure that plugs were getting the proper distribution of particles during the mixture and 

curing stage. The CT scans verified that particles were not conglomerating during any of the stages 

and overloading any single of the plugs made in a batch. Figure 3.5 shows a CT scan of a 30% 

CeO2 composite plug that was used to verify volume loading. Having accurate volume reduces the 

number of uncontrolled variables in the analysis, allowing for a more complete analysis of the 

mixture equations.  

 

Figure 3.4: Cross sectional view of an Al2O3 that allows for a visual confirmation 

of powder distribution within the paraffin matrix. The lines on the bottom are a 

consequence of beam hardening in the CT scanner66.  
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Figure 3.5: 3D rendering from CT images of a CeO2 30% volume loading composite. 

Reconstruction was preformed using FIJI and volume loading was verified using 

there built in software66. 
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CHAPTER 4: EXPERIMENTAL DIELECTRIC TESTING RESULTS 

 

For the purpose of investigating the aims of this study, the theoretical output of the mixture 

equations are compared to the experimentally measured composite values. In this chapter each 

powder’s dielectric constant from literature are used to solve the individual mixture equations for 

volume loadings of 1-50%. These results are mapped against a scatter plot of the experimental 

values obtained using the coaxial airline method for volume loadings of 5%, 10%, 20%, and 30%. 

The scatter plots are comprised of the 1601 data points taken from 1-10 GHz for each of the 24 

individual composites, with 6 composites being tested at each volume loading. The scatter plots 

show the averaged dielectric constant for each of the volume loading along with an associated t-

distribution error bar that shows their range of values corresponding to the unique volume loadings. 

This is a necessary distribution because of the variability of the dipole-dipole interactions from 

one measurement to the next55. 

The absolute percent error for individual volume loadings are calculated to obtain a better 

understanding of volume loadings effect on each mixture equations precision. The absolute percent 

error is calculated based on the difference between the average dielectric constant of the mixture 

and the output of the mixture equation at the corresponding volume loading. This numerical 

analysis helps to validate what is seen graphically and to help isolate the study of each volume 

loading. While the graphical results can be used mainly to study the trends of the equations as 

volume loading increases and to a lesser extent the individual accuracy of each volume loading. 

With specific focus paid to how the dielectric inclusion ratio (𝜀𝑝/𝜀𝑚) for powder to paraffin affects 

equation accuracy, for both volume loadings and mixture equation.  

 

4.1 Silicon Dioxide Composite Testing Results 

The theoretical outcomes of the mixture equations as a function of volume loading are 

graphed against the experimental scatter plot data in Figures 4.1-4.10 for SiO2. The mixture 

equation uses the dielectric constant of SiO2 (𝜀𝑝 = 3.5) from literate and the measured dielectric 

constant of paraffin (𝜀𝑚 = 2.3) to calculate the output. These compounds were found to have a 

dielectric inclusion ration of 𝜀𝑝/𝜀𝑚  =1.5. The absolute percent error between the different 

measured SiO2 composite and the theoretical output of each mixture equation are represented in 

Tables 4.1-4.10.  

 

4.1.1 Theoretical Parallel Mixing Equation Results for SiO2  

The Parallel Mixing equation is the first equation looked at for SiO2, an analysis of its 

accuracy across volume loadings can be obtained relatively easily. It had a calculated average 

percent error across all volume loadings of 1.73% within never more than 3.04% error for any 

single volume loading. It should be noted from Figure 4.1 that the equation varies outside of the t-

distribution at high volume loadings (>20%) Even though when the prediction does vary outside 

of the t-distribution at high volume loadings the absolute error still remains less than 5%. 
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Nevertheless, because it is not within the distribution of the scattering data this equation can be 

rejected as a viable option for this low dielectric inclusion ratio at high volume loadings. 

Table 4.1: Absolute Percent Error for SiO2 composites using Parallel Mixing equation. 

SiO2 5% VL 10% VL 20% VL 30% VL 

Percent Error 1.07 % 2.13 % 0.69 % 3.04 % 

 

 

  

 

Figure 4.1: Theoretical Parallel mixture equation for SiO2 mapped 

against experimental scatter plot data for four different volume loadings.  
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4.1.2 Theoretical Series Mixing Equation Results for SiO2 

The next equation investigated is the series mixing equation for its validity in predicting 

the dielectric constant of the SiO2 composite. A visual analysis of the accuracy of the equation can 

be quickly surmised using Figure 4.2. This analysis can be quantified using Table 4.2, along with 

a more details about the individual volume loadings accuracies. The average percent error of the 

Series mixing equation across all volume loadings is 1.36%, similar to that of previous equation. 

Unlike the Parallel Mixture equation, at higher volume loadings (>20%) the Series Mixture 

equation intersects within the t-distribution. A comparison of Table 4.2 reveals that this equation 

is much more accurate at low volume loadings (<20%) than it is at higher volume loadings.  

Table 4.2: Absolute Percent Error for SiO2 composites using Series Mixing equation. 

SiO2 5% VL 10% VL 20% VL 30% VL 

Percent Error 0.09 % 0.06 % 3.26 % 2.03 % 

 

 

 

Figure 4.2: Theoretical Series mixture equation for SiO2 mapped against 

experimental scatter plot data for four different volume loadings. 
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4.1.3 Theoretical Logarithmic Mixing Equation Results for SiO2 

The Logarithmic Mixing equation is evaluated for its ability to map the increasing 

dielectric constant of the SiO2 loaded composite. The graphical information in Figure 4.3 clearly 

indicates that the logarithmic mixture equation is not suitable for this dielectric inclusion ratio. At 

no point does the theoretical output come close to the experimental distribution.  A comparison 

with Table 4.3 shows quantitively that at each volume loading measured the Logarithmic Mixing 

equation massively miscalculates the dielectric constant of the mixture. The average percent error 

across all volume loadings for the Logarithmic Mixing equation is 25.97% which is high in 

comparison to the other equations for this powder.   

Table 4.3: Absolute Percent Error for SiO2 composites using Logarithmic Mixing equation. 

SiO2 5% VL 10% VL 20% VL 30% VL 

Percent Error 30.14 % 28.57 % 23.33 % 21.84% 

 

 

 

 

Figure 4.3: Theoretical Logarithmic mixture equation for SiO2 mapped 

against experimental scatter plot data for four different volume loadings. 
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4.1.4 Theoretical Lichtenecker Mixing Equation for SiO2 

The Lichtenecker mixing equation is also evaluated for its ability to accurately predict the 

dielectric constant of a SiO2 composite as a function of volume loading. Like most of the other 

equations the Lichtenecker has a linear relationship with volume loading. The graph reveals that 

the Lichtenecker mixing equation passes within the t-distribution for all volume loadings shown. 

A comparison of Table 4.4 shows that the percent error is never greater than 1.46% for any volume 

loading, with an average percent error of 0.78%. This low error percentage indicates that the 

equation can most likely accurately follow the increasing trend of this compound as it approaches 

a volume loading of 100%. Even though the actual relationship of dielectric constant to volume 

loadings isn’t completely linear.  

Table 4.4: Absolute Percent Error for SiO2 composites using Lichtenecker Mixing equation. 

SiO2 5% VL 10% VL 20% VL 30% VL 

Percent Error 0.41 % 0.90 % 1.46 % 0.37 % 

 

 

 

Figure 4.4: Theoretical Lichtenecker mixture equation for SiO2 mapped 

against experimental scatter plot data for four different volume loadings. 
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4.1.5 Theoretical Looyenga Mixing Equation for SiO2 

The Looyenga mixing rule is analyzed for its applicability in the purposes of this study. 

Table 4.5 shows that the accuracy of the Looyenga mixing equation never gives more than 1.24% 

error, with the overall error 0.97% for all volume loadings. While this is slightly higher than the 

previous equation it is better than the others so far reviewed in this study. These results can be 

clearly verified by a comparison with Figure 4.5. The mixture equation once again passes through 

the t-distribution for all measured volume loadings providing an indicator that this might be 

another equation that is suitable for low dielectric inclusion ratios across all volume loadings.  

Table 4.5: Absolute Percent Error for SiO2 composites using Looyenga Mixing equation. 

SiO2 5% VL 10% VL 20% VL 30% VL 

Percent Error 0.61 % 1.28 % 0.78 % 1.24 % 

 

 

 

 

Figure 4.5: Theoretical Looyenga mixture equation for SiO2 mapped 

against experimental scatter plot data for four different volume loadings. 
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4.1.6 Theoretical Birchak Mixing Equation for SiO2 

Continuing the evaluation of the two-phase homogenous mixture equation’s the Birchak 

mixing equation is evaluated across the different volume loadings. Like most of the other equations 

with the low dielectric inclusion ratio of SiO2 to paraffin, the Birchak mixing equation is extremely 

accurate. The Birchak equation never has a percent error of more than 1.68% error for any single 

volume loading, with an average percent error of only 1.07%. While still not the most accurate 

equation discussed in this section, the Birchak equation’s accuracy is extremely high for the nearly 

linear increasing experimental values. Once again this can be easily seen from Figure 4.6, where 

the Birchak mixing equation never varies outside of the t-distributions. This continues to support 

the idea that the most mixture equations are applicable at this low dielectric inclusion ratio.  

Table 4.6: Absolute Percent Error for SiO2 composites using Birchak Mixing equation. 

SiO2 5% VL 10% VL 20% VL 30% VL 

Percent Error 0.72 % 1.48 % 0.42 % 1.68 % 

 

 

 

Figure 4.6: Theoretical Birchak mixture equation for SiO2 mapped 

against experimental scatter plot data for four different volume loadings. 
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4.1.7 Theoretical Poon-Shin Mixing Equation for SiO2 

An evaluation of the performance of the Poon-Shin Mixing equation was completed using 

experimental results of the previously discussed SiO2-paraffin composites. Like the other 

equations used for predictive analysis of this low dielectric inclusion ratio, the Poon-Shin mixing 

equation is very accurate. From Table 4.7 it can be seen that the mixture equation never has an 

error percentage greater than 1.54%, with an average percent error of 1.01 %. An analysis of Figure 

4.7 shows that this is another equation that does an excellent job of mapping the growth of the 

dielectric constant of the compound as a function of volume loading. 

Table 4.7: Absolute Percent Error for SiO2 composites using Poon-Shin Mixing equation. 

SiO2 5% VL 10% VL 20% VL 30% VL 

Percent Error 0.58 % 1.26 % 0.67 % 1.54 % 

 

 

 

 

 

Figure 4.7: Theoretical Poon-Shin mixture equation for SiO2 mapped 

against experimental scatter plot data for four different volume loadings. 
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4.1.8 Theoretical Effective Medium Theory Mixing Equation for SiO2 

The EMT mixing equation is assessed for its capability to correctly predict the dielectric 

constant of SiO2
 composites. Unlike most of the other equations the EMT has a slightly parabolic 

relationship with volume loading, this is a factor of the added shape factor variable in the EMT 

equation. The graph in Figure 4.8, reveals that the EMT mixing equation passes within the t-

distribution for all volume loadings shown despite this more parabolic shape. A comparison of 

Table 4.4 shows that the percent error is never greater than 1.76% for any volume loading, with 

an average percent error of 0.94%. This low error percentage indicates that the equation can 

accurately follow the increasing trend of this compound as it approaches the pure powder value.  

Table 4.8: Absolute Percent Error for SiO2 composites using EMT Mixing equation. 

SiO2 5% VL 10% VL 20% VL 30% VL 

Percent Error 0.98 % 1.76 % 0.65 % 0.36 % 

 

 

 

 

Figure 4.8: Theoretical EMT mixture equation for SiO2 mapped 

against experimental scatter plot data for four different volume 

loadings. 
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4.1.9 Theoretical Maxwell-Garnett Mixing Equation for SiO2 

The ongoing evaluation of a SiO2 two-phase homogenous composites ability to be mapped 

using a mixture equation’s next uses the Maxwell-Garnet Mixing equation. Comparably to most 

of the other equations in this section, the Maxwell-Garnett mixing equation is extremely accurate. 

The Maxwell-Garnett equation never has a percent error of more than 1.18% error for any single 

volume loading, with an average percent error of only 0.92%. This follows the same trend as the 

majority of the equations in this section with little deviation in the mixture equation accuracies 

being shown. 

Table 4.9: Absolute Percent Error for SiO2 composites using Maxwell-Garnett Mixing equation. 

SiO2 5% VL 10% VL 20% VL 30% VL 

Percent Error 0.56 % 1.18 % 0.97 % 0.97 % 

 

 

 

      

 

Figure 4.9: Theoretical Maxwell-Garnett mixture equation for SiO2 

mapped against experimental scatter plot data for four different 

volume loadings. 
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4.1.10 Theoretical Jayasundere-Smith Mixing Equation for SiO2 

The final equation examined was the Jayasundere-Smith mixing equation, Table 4.10 

shows that the accuracy of the Looyenga mixing equation never becomes more than 2.6% error. 

With the overall error 1.18% for all volume loadings, these results can be clearly clarified by a 

comparison with Figure 4.10. The mixture equation once again passes through the t-distribution 

for all measured volume loadings providing an indicator that this might be another equation that 

is suitable for low dielectric inclusion ratios. However, at high volume loadings (>30%) the 

equation is barely inside the t-distribution, indicating that this equation might not be suitable for 

high volume loadings.  

Table 4.10: Absolute Percent Error for SiO2 composites using Jayasundere-Smith Mixing 

equation. 

SiO2 5% VL 10% VL 20% VL 30% VL 

Percent Error 0.62 % 1.42 % 0.12 % 2.54 % 

 

 

 

Figure 4.10: Theoretical Jayasundere-Smith mixture equation for 

SiO2 mapped against experimental scatter plot data for four different 

volume loadings. 
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4.2 Aluminum Oxide Dioxide Composite Testing Results 

After evaluating all the mixture equations for the low dielectric inclusion ration of 1.5 for 

SiO2 to paraffin the study next looks at a Al2O3 as the inclusion powder. The higher dielectric 

constant of Al2O3  (𝜀𝑝 = 9.8) results in a dielectric inclusion ratio of 𝜀𝑝/𝜀𝑚  =4.3. The theoretical 

outcomes of the mixture equations as a function of volume loading are graphed against the 

experimental scatter plot data in Figures 4.11-4.20 for Al2O3. The absolute percent error between 

the different measured Al2O3composite and the theoretical output of each mixture equation are 

represented in Tables 4.11-4.20.  

 

4.2.1 Theoretical Parallel Mixing Equation Results for Al2O3 

The results of the of the Parallel Mixing equation’s ability to predict Al2O3 compounds 

dielectric constant are discussed in this section. The Parallel Mixing equation was found to have 

an average percent error across all volume loadings of 14.82% this is an increase from the previous 

constitutive powder by 13.09%. Figure 4.11 and Table 4.11 shows that the parallel mixing rule 

does a terrible job of predicting the behavior of the composites dielectric constant as volume 

loading increases. It can be seen from the Figure that the behavior of the measured composite’s 

dielectric constant no longer behaves linearly. This is a direct consequence of the dielectric 

inclusion ratio. The increase in inclusion ratio corresponds to the large increase in error seen from 

the previous section. 

Table 4.11: Absolute Percent Error for Al2O3 composites using the Parallel Mixing equation. 

Al2O3 5% VL 10% VL 20% VL 30% VL 

Percent Error 4.78 % 7.37 % 19.44 % 27.68 % 
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Figure 4.11: Theoretical Parallel mixture equation for Al2O3 

mapped against experimental scatter plot data for four different 

volume loadings. 
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4.2.2 Theoretical Series Mixing Equation Results for Al2O3 

The subsequent equation examined is the series mixing equation for its validity in 

calculating the dielectric constant of the Al2O3 composite. A visual analysis of the accuracy of the 

equation can be quickly inferred using Figure 4.12 and quantified using Table 4.12. Leading 

swiftly to the conclusion that the series mixing rule does not work for this constitutive powder. 

The average percent error of the Series mixing equation across all volume loadings was found to 

be 13.90%. This represents an increased error of 12.54% from the previous sections constitutive 

using the same equation. At none of the experimental measurement points does the series mixing 

equation pass within the t-distribution for this dielectric inclusion ratio. The series mixing rule 

chronically under predicts the dielectric constant of the compound within the volume loading 

studied. 

Table 4.12: Absolute Percent Error for Al2O3 composites using the Series Mixing equation. 

Al2O3 5% VL 10% VL 20% VL 30% VL 

Percent Error 7.91 % 16.02 % 16.72 % 14.94 % 

 

                   

 

Figure 4.12: Theoretical Series mixture equation for Al2O3 mapped 

against experimental scatter plot data for four different volume 

loadings. 
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4.2.3 Theoretical Logarithmic Mixing Equation Results for Al2O3 

The Logarithmic Mixing equation is also evaluated for its ability to accurately predict the 

dielectric constant of Al2O3 composite’s. The graphical information in Figure 4.13 clearly shows 

that the logarithmic mixture equation does not at any point pass within the t-distribution of the 

scatter plot. It does not follow the general pattern of the increasing dialectic constant for this 

composite at any of the measured points. An analysis of Table 4.13 shows that the percent error is 

an average of 16.95%. This is actually an increase in overall accuracy of 9.02% from the previous 

section. The logarithmic equation in this application overpredicts the compounds dielectric 

equation at each point, clearly indicating that this equation is not valid for this inclusion ratio.   

Table 4.13: Absolute Percent Error for Al2O3 composites using the Logarithmic Mixing equation. 

Al2O3 5% VL 10% VL 20% VL 30% VL 

Percent Error 24.50 % 16.93 % 13.42 % 12.94 % 

 

 

                      

Figure 4.13: Theoretical Logarithmic mixture equation for Al2O3 

mapped against experimental scatter plot data for four different 

volume loadings. 



48 
 

4.2.4 Theoretical Lichtenecker Mixing Equation for Al2O3 

Continuing the evaluation of Al2O3 two-phase homogenous composites, the Lichtenecker 

mixing equation is assessed. Like most of the other equations in this section, the Lichtenecker 

mixing equation struggles to map the behavior of the changes in dielectric constant as a function 

of volume loading. It is still relatively accurate despite predicting a higher dielectric constant rate 

of change then what is seen experimentally. The Lichtenecker equation has an average percent 

error of 4.77% an increase of only 3.99%.  Figure 4.14 shows that despite this good accuracy 

(<5%) the Lichtenecker mixing equation only passes through the t-distribution at the 20% volume 

loading. This continues to support the idea that increasing the dielectric inclusion ratio leads to 

more difficulty in predicting the behavior of the composite.  

Table 4.14: Absolute Percent Error for Al2O3 composites using the Lichtenecker Mixing equation. 

Al2O3 5% VL 10% VL 20% VL 30% VL 

Percent Error 4.07 % 8.08 % 2.02 % 4.92 % 

 

 

 

Figure 4.14: Theoretical Lichtenecker mixture equation for Al2O3 

mapped against experimental scatter plot data for four different 

volume loadings. 
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4.2.5 Theoretical Looyenga Mixing Equation for Al2O3 

The ensuing equation examined is the series mixing equation for its accuracy in predicting 

the dielectric constant of the Al2O3 composite. A visual examination of the accuracy of the equation 

can be quickly construed using Figure 4.15. This analysis can be quantified using Table 4.15 

showing that the average percent error of the Looyenga mixing equation across all volume loadings 

is 5.79%. The equation is particular accurate at low volume loading (<20%), as the volume loading 

increases though, the accuracy of the equation starts to deteriorate. Using the Looyenga mixing 

rule for a dielectric inclusion ratio of 4.3 resulted in an average increase in error of 4.82% from 

that of the previous sections dielectric inclusion ratio.  

Table 4.15: Absolute Percent Error for Al2O3 composites using the Looyenga Mixing equation. 

Al2O3 5% VL 10% VL 20% VL 30% VL 

Percent Error 1.86 % 3.85 % 4.70 % 12.77 % 

 

 

   

Figure 4.15: Theoretical Looyenga mixture equation for Al2O3 

mapped against experimental scatter plot data for four different 

volume loadings. 



50 
 

4.2.6 Theoretical Birchak Mixing Equation for Al2O3 

The Birchak equation is used to study a Al2O3 two-phase homogenous composite 

increasing volume loadings. Like the Looyenga mixing equation (4.2.5) the Birchak equation is 

very accurate at low volume loadings, but the accuracy quickly wanes as volume loading increases. 

The Birchak equation has an average percent error of 6.72% an increase of 5.65% from the 

previous section. Once again this can be easily seen from Figure 4.16, where the Birchak mixing 

never varies outside of the t-distributions for low volume loadings. This shows that the rate of 

change of the dielectric constant as volume loading increases is not mathematically characterized 

for higher volume loadings. Indicating that this mixture equation would only be useful at low 

volume loadings.  

Table 4.16: Absolute Percent Error for Al2O3 composites using the Birchak Mixing equation. 

Al2O3 5% VL 10% VL 20% VL 30% VL 

Percent Error 0.50 % 1.38 % 8.30 % 17.69 % 

 

 

 

    

Figure 4.16: Theoretical Birchak mixture equation for Al2O3 mapped 

against experimental scatter plot data for four different volume 

loadings. 
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4.2.7 Theoretical Poon-Shin Mixing Equation for Al2O3 

Using the Poon-Shin Mixing equation experimental results of the previously discussed 

Al2O3-paraffin composites are studied. Like the other equations used for predictive analysis of this 

dielectric inclusion ratio, the Poon-Shin mixing equation is not extremely accurate. From Table 

4.7 it can be seen that the mixture equation’s accuracy is good at 5 and 20 percent but poor at 10 

and 30 percent, with an average percent error of 5.50 %, which is an increase of 4.49% from the 

same analysis with SiO2. An analysis of Figure 4.17 shows that this is another equation that does 

a decent job of mapping the growth of the dielectric constant. While some of the other equation 

discussed in this study are only good at lower volume loadings, the Poon-Shin equation 

comparatively predicts slightly lesser values for the dielectric constant at low volume loading and 

slightly greater values at higher volume loadings.  

Table 4.17: Absolute Percent Error for Al2O3 composites using the Poon-Shin Mixing equation. 

Al2O3 5% VL 10% VL 20% VL 30% VL 

Percent Error 3.39 % 6.46 % 1.62 % 10.54 % 

 

 

 

Figure 4.17: Theoretical Poon-Shin mixture equation for Al2O3 

mapped against experimental scatter plot data for four different 

volume loadings. 
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4.2.8 Theoretical Effective Medium Theory Mixing Equation for Al2O3 

The EMT mixing equation is evaluated for its ability to accurately predict the dielectric 

constant of a Al2O3 composite as a function of volume loading. Unlike the other equations the 

EMT’s shape factor variable allows it to take unique mathematical rates of change, with slower 

rates of change being expressed at higher volume loadings. The graph in Figure 4.18, reveals that 

the EMT mixing equation passes within the t-distribution for all volume loadings shown. This is a 

significant change from the other equations shown in this section. A comparison of Table 4.14 

shows that the percent error stays consistently low for all volume loading, with an average percent 

error of 1.16%. This low error percentage indicates that the equation can accurately follow the 

increasing trend of this compound within the parameters studied.  

Table 4.18: Absolute Percent Error for Al2O3 composites using the EMT Mixing equation. 

Al2O3 5% VL 10% VL 20% VL 30% VL 

Percent Error 2.43 % 0.16 % 1.82 % 0.24 % 

 

 

 

Figure 4.18: Theoretical EMT mixture equation for Al2O 3 mapped 

against experimental scatter plot data for four different volume 

loadings. 
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4.2.9 Theoretical Maxwell-Garnet Mixing Equation for Al2O3 

The Maxwell-Garnet Mixing equation is the next equation evaluated in this section. It can 

be inferred from the graphical information in Figure 4.19 that the Maxwell-Garnet Mixture 

equation does a respectable job of predicting the dielectric constant of the mixture as the equation 

passes within two of the error bars on the scatter plot. A comparison with Table 4.19 shows 

quantitively that at each of the volume loading where the equation passes within the error bars the 

Maxwell-Garnet Mixing equation calculates the error to within 5 %. The average percent error 

across all volume loadings for the Maxwell-Garnet Mixing equation is 4.37% which is relatively 

low in comparison to the other equations for this powder loading. This represents an increase of 

3.4% over the previous constitutive powder examined.  

Table 4.19: Absolute Percent Error for Al2O3 composites using the Maxwell-Garnet Mixing 

equation. 

Al2O3 5% VL 10% VL 20% VL 30% VL 

Percent Error 3.60 % 7.32 % 1.24 % 5.31 % 

 

 

 

Figure 4.19: Theoretical Maxwell-Garnett mixture equation for 

Al2O3 mapped against experimental scatter plot data for four 

different volume loadings. 
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4.2.10 Theoretical Jayasundere-Smith Mixing Equation for Al2O3 

The final equation analyzed was the Jayasundere-Smith mixing equation. Table 4.20 shows 

that the accuracy of the Looyenga mixing equation like many of the others in this section show a 

worsening accuracy as volume loading increases. With an overall error of 7.70% across all volume 

loadings an increase of 6.52% from the previous section, these results can be clearly clarified by a 

comparison with Figure 4.20. The mixture equation once again passes through the t-distribution 

for the low volume loading compounds (<20%). Providing an indicator that this might be another 

equation that is suitable for low dielectric inclusion ratios. However, at high volume loadings 

(>20%) the equation is widely outside the t-distribution, indicating that this equation might not be 

suitable for high volume loadings.  

Table 4.20: Absolute Percent Error for Al2O3 composites using the Jayasundere-Smith Mixing 

equation. 

Al2O3 5% VL 10% VL 20% VL 30% VL 

Percent Error 2.97 % 4.93 % 5.93 % 16.96 % 

 

 

 

Figure 4.20: Theoretical Jayasundere-Smith mixture equation for 

Al2O3 mapped against experimental scatter plot data for four 

different volume loadings. 
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4.3 Cerium Dioxide Composite Testing Results 

The study next looked at a CeO2 as the inclusion powder to ascertain the accuracy of the 

mixture equations for this work. The higher dielectric constant of CeO2 (𝜀𝑝 = 21.3) results in a 

dielectric inclusion ratio of 𝜀𝑝/𝜀𝑚  =10. The theoretical outcomes of the mixture equations as a 

function of volume loading are graphed against the experimental scatter plot data in Figures 4.21-

4.30 for CeO2. The absolute percent error between the different measured CeO2 composite and the 

theoretical output of each mixture equation are represented in Tables 4.21-4.30.  

 

4.3.1 Theoretical Parallel Mixing Equation Results for CeO2 

Like the previous section the first equation evaluated in the Parallel Mixing equation. The 

Parallel Mixing equation has an average percent error across all volume loadings of 27.99%. This 

is an increase of 13.77% error from the same equation using Al2O3 as the constitutive material. 

Figure 4.21 and Table 4.21 shows that the parallel mixing rule does a terrible job of predicting the 

behavior of the composites dielectric constant as volume loading increases just like for the 

previously studied powder. It can be seen from the Figure that the behavior of the measured 

composite’s dielectric constant behaves exponentially whilst the parallel mixture equation only 

predicts a linear growth. The effects of the increased dielectric inclusion ratio on the accuracy of 

the mixture equations can clearly be seen in this section.  

 

Table 4.21: Absolute Percent Error for CeO2 composites using the Parallel Mixing equation. 

CeO2 5% VL 10% VL 20% VL 30% VL 

Percent Error 17.71 % 27.70 % 33.01 % 33.54 % 
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Figure 4.21: Theoretical Parallel mixture equation for CeO2 mapped 

against experimental scatter plot data for four different volume loadings. 



57 
 

4.3.2 Theoretical Series Mixing Equation Results for CeO2 

The next equation investigated is the series mixing equation for its validity in predicting 

the dielectric constant of the CeO2 composite. A graphic analysis of the equation can be quickly 

gathered using Figure 4.22 and quantified using Table 4.22. The average percent error of the Series 

mixing equation across all volume loadings was found to be 42.83%. This is a 28.93% increase in 

error then what was seen for the Al2O3 composites using the same equation. At none of the 

experimental measurement points does the series mixing equation pass within the t-distribution for 

this dielectric inclusion ratio. The series mixture equation under predicts the compound’s dielectric 

constant with exponential error correlating to volume loading. 

Table 4.22: Absolute Percent Error for CeO2 composites using the Series Mixing equation. 

CeO2 5% VL 10% VL 20% VL 30% VL 

Percent Error 13.85 % 24.83 % 53.52 % 79.12 % 

 

 

 

 

Figure 4.22: Theoretical Series mixture equation for CeO2 mapped against 

experimental scatter plot data for four different volume loadings. 
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4.3.3 Theoretical Logarithmic Mixing Equation Results for CeO2 

The Logarithmic Mixing equation is also evaluated for its ability to accurately predict the 

dielectric constant of a CeO2composite as a function of volume loading. It can be summarized 

from the graphical information in Figure 4.23 that the logarithmic mixture equation does not at 

pass within the t-distribution of the scatter plot. It does not come close to following the general 

pattern of the increasing dielectric constant for this composite. The equation does pass through the 

distribution at, at least a single point. This can be inferred from the decreasing dielectric constant 

from 10 to 20 percent volume loading. An analysis of Table 4.23 shows that the average percent 

error is 16.63%. This is actually an increase in accuracy from the usage of the same equation for 

Al2O3 by a factor of 0.32%, while still not accurate it indicates that the power law family of 

equations might be better suited for this dielectric inclusion ratio. 

Table 4.23: Absolute Percent Error for CeO2 composites using the Logarithmic Mixing equation. 

CeO2 5% VL 10% VL 20% VL 30% VL 

Percent Error 20.96 % 12.22 % 8.70 % 16.63 % 

 

  

 

Figure 4.23: Theoretical Logarithmic mixture equation for CeO2 mapped 

against experimental scatter plot data for four different volume loadings. 
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4.3.4 Theoretical Lichtenecker Mixing Equation for CeO2 

The ensuing equation evaluated for a CeO2 two-phase homogenous composites ability to 

be mapped using a mixture equation’s the Lichtenecker mixing. The Lichtenecker mixing equation 

is struggles to map the behavior of the changes in dielectric constant as a function of volume 

loading. It has a relatively accurate exponential growth despite predicting a lower dielectric 

constant rate of change then what is seen experimentally. The Lichtenecker equation has an 

average percent error of 14.12%.  This is an average accuracy prediction decrease of 9.35% from 

the previous Al2O3 powder using the Lichtenecker mixing equation. Figure 4.24 shows that the 

Lichtenecker mixing equation only passes through the t-distribution at the 5% volume loading. An 

indication that this equation could be used relatively accurately at very low volume loadings.  

Table 4.24: Absolute Percent Error for CeO2 composites using the Lichtenecker Mixing equation. 

CeO2 5% VL 10% VL 20% VL 30% VL 

Percent Error 6.26 % 8.99 % 18.18 % 23.07 % 

 

  

 

Figure 4.24: Theoretical Lichtenecker mixture equation for CeO2 mapped 

against experimental scatter plot data for four different volume loadings. 
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4.3.5 Theoretical Looyenga Mixing Equation for CeO2 

The Looyenga rule is next evaluated and compared to the previous sections results. A 

graphical examination of the mixing equation can be quickly construed via Figure 4.25. The 

average percent error of the Looyenga mixing equation across all volume loadings was found to 

be 0.76%. This represents an extremely accurate equation for this application with the theoretical 

output almost exactly predicting the compound’s experimental measurements. This analysis can 

be quantified using Table 4.25. The usage of the Looyenga mixing rule in predicting the output of 

the CeO2 compound represents an increase of 5.03 from the previous section. The Looyenga 

mixing rule is able to exactly match the correlation between volume loading and dielectric 

constant. 

Table 4.25: Absolute Percent Error for CeO2 composites using the Looyenga Mixing equation. 

CeO2 5% VL 10% VL 20% VL 30% VL 

Percent Error 0.77 % 1.11 % 0.48 % 0.67 % 

 

  

                     

                     Figure 4.25: Theoretical Looyenga mixture equation for CeO2 mapped                                                

          against experimental scatter plot data for four different volume loadings. 
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4.3.6 Theoretical Birchak Mixing Equation for CeO2 

Continuing the evaluation of a CeO2 two-phase homogenous compound, the next equation 

applied is the Birchak mixing equation. Like the Lichtenecker mixing equation (4.3.4) the Birchak 

equation is very accurate at low volume loadings (<10%) but the accuracy quickly wanes as 

volume loading increases. The Birchak equation has an average percent error of 7.08%. Once again 

this can be easily seen from Figure 4.26, where the Birchak mixing equation using the ideal 

dielectric constant of CeO2 varies outside of the t-distributions for all volume loadings greater than 

5%. At this higher dielectric inclusion ratio for CeO2 as compared to Al2O3 the Birchak’ s mixing 

equation is slightly less accurate with a decreased average accuracy of 0.62%.   

 

Table 4.26: Absolute Percent Error for CeO2 composites using the Birchak Mixing equation. 

CeO2 5% VL 10% VL 20% VL 30% VL 

Percent Error 2.88 % 7.20 % 8.65 % 9.59 % 

 

  

 

Figure 4.26: Theoretical Birchak mixture equation for CeO2 mapped against 

experimental scatter plot data for four different volume loadings 
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4.3.7 Theoretical Poon-Shin Mixing Equation for CeO2 

An evaluation of the performance of the Poon-Shin Mixing equation was completed and 

an analyzed. Like the other equations used for predictive analysis of this dielectric inclusion ratio 

excluding the Looyenga mixing rule, the Poon-Shin mixing equation is not extremely accurate. 

From Table 4.27 it can be seen that the mixture equation’s accuracy is never within 5 percent error, 

with an average percent error of 12.04 %. This represents an increase for the error of the Poon-

Shin Mixture equation by 6.54%. An analysis of Figure 4.27 shows that this is another equation 

that does a decent job of mapping the growth of the dielectric constant of the compound as a 

function of volume loading but constantly under predicts the outputs.  

Table 4.27: Absolute Percent Error for CeO2 composites using the Poon-Shin Mixing equation. 

CeO2 5% VL 10% VL 20% VL 30% VL 

Percent Error 6.32 % 8.68 % 15.86 % 17.29 % 

 

  

 

Figure 4.27: Theoretical Poon-Shin mixture equation for CeO2 mapped 

against experimental scatter plot data for four different volume loadings. 
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4.3.8 Theoretical Effective Medium Theory Mixing Equation for CeO2 

The EMT mixing equation is evaluated for its ability to accurately predict the dielectric 

constant as a function of volume loading. Unlike the other equations the EMT’s shape factor 

variable allows it to take unique mathematical rates of change, with slower rates of change being 

expressed at higher volume loadings. The graph in Figure 4.28, reveals that the EMT mixing 

equation does not follow the trends of the experimental values at all. This is a significant change 

from the previous EMT section. A comparison of Table 4.28 shows that the percent error grows 

exponentially as volume loading increases, with an average percent error of 18.56%. Compared to 

the usage of the EMT mixture equation in section 4.28 the average error percentage increased by 

17.4% at this dielectric inclusion ratio. 

Table 4.28: Absolute Percent Error for CeO2 composites using the EMT Mixing equation. 

CeO2 5% VL 10% VL 20% VL 30% VL 

Percent Error 8.65 % 6.18 % 15.40 % 44.02 % 

 

  

 

Figure 4.28: Theoretical EMT mixture equation for CeO2 mapped against           

experimental scatter plot data for four different volume loadings. 
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4.3.9 Theoretical Maxwell-Garnet Mixing Equation for CeO2 

The Maxwell-Garnet Mixing equation is assessed for its capability to map the increasing 

dielectric constant of the CeO2 loaded composite. It can be inferred from the graphical information 

in Figure 4.29 that the Maxwell-Garnet Mixture equation is not able to predict the dielectric 

constant of the mixture. It does follow the basic trends of the scatterplot but like many of the other 

equation in this section, it under predicts the outputs.  A comparison with Table 4.29 shows 

quantitively that at each of the volume loading the equation is has a greater than 5% accuracy, with 

an average percent error of 17.68%. A decrease in prediction accuracy from section 4.2.9’s of 

13.31%.  

Table 4.29: Absolute Percent Error for CeO2 composites using the Maxwell-Garnet Mixing 

equation. 

CeO2 5% VL 10% VL 20% VL 30% VL 

Percent Error 6.74 % 10.35 % 22.4 % 31.19 % 

 

 

 

Figure 4.29: Theoretical Maxwell-Garnet mixture equation for 

CeO2 mapped against experimental scatter plot data for four different 

volume loadings. 
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4.3.10 Theoretical Jayasundere-Smith Mixing Equation for CeO2 

The final equation analyzed in this section was the Jayasundere-Smith mixing equation. 

Table 4.30 shows that the accuracy of the Looyenga mixing equation remains steadily constant as 

volume loading increases. With an overall error of 5.54% across all volume loadings, an increase 

of 2.16% from the previous powder. These results can be clearly clarified by a comparison with 

Figure 4.30, where the mixture equation passes through the t-distribution for all the volume 

loadings of the compounds However, the Jayasundere-Smith equation continuously under predicts 

the values of the compound like many of the other equations from this section.  

Table 4.30: Absolute Percent Error for CeO2 composites using the Jayasundere-Smith Mixing 

equation. 

CeO2 5% VL 10% VL 20% VL 30% VL 

Percent Error 5.52 % 5.85 % 7.16 % 3.63 % 

 

  

 

Figure 4.30: Theoretical Jayasundere-Smith mixture equation for 

CeO2 mapped against experimental scatter plot data for four 

different volume loadings. 
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4.4 Titanium Dioxide Composite Testing Results 

The last constitutive powder the study looked at was TiO2 for the purpose of ascertaining 

the accuracy of the mixture equations for this work. The higher dielectric constant of TiO2 (𝜀𝑝 =

70) results in a dielectric inclusion ratio of 𝜀𝑝/𝜀𝑚  =30. The theoretical outcomes of the mixture 

equations as a function of volume loading are graphed against the experimental scatter plot data in 

Figures 4.31-4.40 for CeO2. The absolute percent error between the different measured CeO2 

composite and the theoretical output of each mixture equation are represented in Tables 4.31-4.40.  

 

4.4.1 Theoretical Parallel Mixing Equation Results for TiO2 

The study once again takes a look at the Parallel Mixing equation to ascertain its accuracy 

at this new dielectric inclusion ratio. The Parallel Mixing equation was found to have an average 

percent error across all volume loadings of 56.78%. This is an increase of 28.79% error from the 

same equation using CeO2 as the filler material, a direct consequence of the increased dielectric 

inclusion ratio. Figure 4.31 and Table 4.31 shows that the parallel mixing rule does a terrible job 

of predicting the behavior of the composites dielectric constant as volume loading increases. It can 

be seen from the Figure that the behavior of the measured composite’s dielectric constant behaves 

exponentially whilst the parallel mixture equation only predicts a linear growth.  

Table 4.31: Absolute Percent Error for TiO2 composites using the Parallel Mixing equation. 

CeO2 5% VL 10% VL 20% VL 30% VL 

Percent Error 51.09 % 61.06 % 60.38 % 54.58 % 
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Figure 4.31: Theoretical Parallel mixture equation for TiO2 

mapped against experimental scatter plot data for four different 

volume loadings. 
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4.4.2 Theoretical Series Mixing Equation Results for TiO2 

The next equation investigated is the series mixing equation for its validity in predicting 

the dielectric constant of the TiO2 composite. A visual scrutiny of the precision of the equation can 

be quickly surmised using Figure 4.32. This analysis can be quantified using Table 4.32, along 

with more details about the individual volume loadings accuracies. The average percent error of 

the Series mixing equation across all volume loadings was found to be 110.36%. This is a 67.53% 

increase in error then what was seen for the CeO2 composites using the same equation. At none of 

the experimental measurement points does the series mixing equation pass within the t-distribution 

for this dielectric inclusion ratio.  

Table 4.32: Absolute Percent Error for TiO2 composites using the Series Mixing equation. 

CeO2 5% VL 10% VL 20% VL 30% VL 

Percent Error 20.47 % 46.88 % 134.89 % 239.18 % 

 

  

 

Figure 4.32: Theoretical Series mixture equation for TiO2 mapped 

against experimental scatter plot data for four different volume 

loadings. 
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4.4.3 Theoretical Logarithmic Mixing Equation Results for TiO2 

The Logarithmic Mixing equation is also evaluated for its ability to accurately predict the 

dielectric constant of a TiO2composite as a function of volume loading. It can be summarized from 

the graphical information in Figure 4.33 that the logarithmic mixture equation is accurate at only 

a single volume loading represented on the graph. It comes close to following the general pattern 

of the increasing dielectric constant for this composite passing through the distribution at a single 

point. This can be seen from Table 4.33 at the volume loading of 10%, an analysis of Table 4.23 

shows that the average percent error is 40.39%. This is an increase in accuracy from the usage of 

the same equation for CeO2 by a factor of 23.76%. The increased dielectric inclusion ratio for TiO2 

can be seen to directly affect the percent accuracy of each equation. 

Table 4.33: Absolute Percent Error for TiO2 composites using the Logarithmic Mixing equation. 

CeO2 5% VL 10% VL 20% VL 30% VL 

Percent Error 17.88 % 1.00 % 49.12% 93.56% 

 

 

 

Figure 4.33: Theoretical Logarithmic mixture equation for TiO2 

mapped against experimental scatter plot data for four different 

volume loadings. 
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4.4.4 Theoretical Lichtenecker Mixing Equation for TiO2 

The Lichtenecker mixing equation is again used in the evaluation of a two-phase 

homogenous composites ability to be mapped using a mixture. The Lichtenecker mixing equation 

struggles to map the behavior of the changes in dielectric constant as a function of volume loading. 

It has relatively accurate exponential growth for low volume loadings (<20%) despite predicting 

a lower dielectric constant rate of change then what is seen experimentally. Like most of the 

equations looked at in the study at the higher volume loadings the accuracy of the equation begins 

to break down exponentially. The Lichtenecker equation has an average percent error of 33.49%, 

this is an average accuracy prediction increase of 19.37% from the previous CeO2 powder using 

the Lichtenecker mixing equation. Figure 4.34 shows that the Lichtenecker mixing equation only 

passes through the t-distribution at the 5% volume loading.  

Table 4.34: Absolute Percent Error for TiO2 composites using the Lichtenecker Mixing equation. 

CeO2 5% VL 10% VL 20% VL 30% VL 

Percent Error 6.34 % 14.74% 45.01% 67.90% 

 

  

 

Figure 4.34: Theoretical Lichtenecker mixture equation for TiO2 mapped 

against experimental scatter plot data for four different volume loadings. 
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4.4.5 Theoretical Looyenga Mixing Equation for TiO2 

The ensuing equation examined is the Looyenga mixing equation for its accuracy in 

predicting the dielectric constant of the TiO2composite. A visual examination of the accuracy of 

the equation can be quickly construed using Figure 4.35. This analysis can be quantified using 

Table 4.35. The average percent error of the Looyenga mixing equation across all volume loadings 

was found to be 6.21%. This represents an extremely accurate equation for this application with 

the theoretical almost exactly predicting the compound’s experimental measurements. The usage 

of the Looyenga mixing rule in predicting the output of the TiO2 compound represents an increase 

of 5.45 from the previous section but it is still much more accurate than any of the other equations 

looked at in this section. 

Table 4.35: Absolute Percent Error for TiO2 composites using the Looyenga Mixing equation. 

CeO2 5% VL 10% VL 20% VL 30% VL 

Percent Error 7.43 % 10.43% 2.42% 4.55% 

 

 

 

Figure 4.35: Theoretical Looyenga mixture equation for TiO2 

mapped against experimental scatter plot data for four different 

volume loadings. 
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4.4.6 Theoretical Birchak Mixing Equation for TiO2 

Another evaluation of the CeO2 two-phase homogenous mixture equation’s is 

accomplished using Birchak mixing equation the Birchak equation has an average percent error of 

20.81%. Once again this can be seen in Figure 4.36, where the Birchak mixing equation using 

varies outside of the t-distributions for all volume loadings. The Birchak equation does a good job 

of predicting the growth of the dielectric constant of the mixture but overpredicts the value at each 

of the measured points. At this higher dielectric inclusion ratio for TiO2 as compared to CeO2 the 

Birchak mixing equation is less accurate with a decreased average accuracy of 13.73%.   

Table 4.36: Absolute Percent Error for TiO2 composites using the Birchak Mixing equation. 

CeO2 5% VL 10% VL 20% VL 30% VL 

Percent Error 17.16% 24.98% 22.97% 18.15% 

 

  

 

Figure 4.36: Theoretical Birchak mixture equation for TiO2 

mapped against experimental scatter plot data for four different 

volume loadings. 
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4.4.7 Theoretical Poon-Shin Mixing Equation for TiO2 

An evaluation of the performance of the Poon-Shin Mixing equation was completed and 

validated. Like the other equations used for predictive analysis of this dielectric inclusion ratio 

excluding the Looyenga mixing rule, the Poon-Shin mixing equation is not extremely accurate. 

From Table 4.37 it can be seen that the mixture equation’s accuracy is never within 10 percent 

error, with an average percent error of 45.22 %. This represents an increase for the error of the 

Poon-Shin Mixture equation by 33.18% over section 4.3.7. An analysis of Figure 4.37 shows that 

this is another equation that does a decent job of mapping the growth of the dielectric constant at 

low volume loadings (<10%) of the compound as a function of volume loading but constantly 

under predicts the outputs.  

Table 4.37: Absolute Percent Error for TiO2 composites using the Poon-Shin Mixing equation. 

CeO2 5% VL 10% VL 20% VL 30% VL 

Percent Error 10.05% 22.14 % 60.38 % 88.30 % 

 

  

 

Figure 4.37: Theoretical Poon-Shin mixture equation for TiO2 

mapped against experimental scatter plot data for four different 

volume loadings. 
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4.4.8 Theoretical Effective Medium Theory Mixing Equation for TiO2 

The EMT mixing equation is the next equation evaluated for it performance in predicting 

the outputs of volume loading. The graph in Figure 4.38, reveals that the EMT mixing equation 

does not follow the trends of the experimental values at all continuing the trend from the previous 

EMT section. A comparison of Table 4.38 confirms that the mixture equation is only applicable in 

the range of 10% volume loading compounds, with an average percent error of 60.62%. Compared 

to the usage of the EMT mixture equation in section 4.38 the average error percentage increased 

by 42.06 % at this dielectric inclusion ratio. 

Table 4.38: Absolute Percent Error for TiO2 composites using the EMT Mixing equation. 

CeO2 5% VL 10% VL 20% VL 30% VL 

Percent Error 20.64% 6.13 % 59.39 % 156.33 % 

 

  

 

Figure 4.38: Theoretical EMT mixture equation for TiO2 mapped 

against experimental scatter plot data for four different volume 

loadings. 



75 
 

4.4.9 Theoretical Maxwell-Garnett Mixing Equation for TiO2 

The Maxwell-Garnet Mixing equation is assessed for its capability to map the increasing 

dielectric constant of the TiO2 loaded composite. It can be reasoned from the graphical information 

in Figure 4.39 that the Maxwell-Garnet Mixture equation is not able to predict the dielectric 

constant of the mixture.  A comparison with Table 4.39 shows quantitively that at each of the 

volume loading the equation is has a greater than 5% accuracy, with an average percent error of 

58.58%. A decrease in prediction accuracy from section 4.2.9’s of 40.50%. The equation under 

predicts the values of the dielectric with quickly diminishing accuracy as volume loading is 

increased. 

Table 4.39: Absolute Percent Error for TiO2 composites using the Maxwell-Garnett Mixing 

equation. 

CeO2 5% VL 10% VL 20% VL 30% VL 

Percent Error 10.71% 24.95% 74.40% 124.24% 

 

  

 

Figure 4.39: Theoretical Maxwell-Garnet mixture equation for 

TiO2 mapped against experimental scatter plot data for four 

different volume loadings. 
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4.4.10 Theoretical Jayasundere-Smith Mixing Equation for TiO2 

The final equation analyzed in this section was the Jayasundere-Smith mixing equation. 

Table 4.40 shows that the accuracy of the Looyenga mixing equation decreases steadily as volume 

loading increases, like practically all the equations evaluated in this section. The Jayasundere-

Smith equation has an overall error of 32.33% across all volume loadings, an increase of 26.79% 

from the previous powder. These results can be clearly clarified by a comparison with Figure 4.40, 

where the mixture equation diverges from the measured values increasingly at high volume 

loadings. For this higher dielectric inclusion ratio, the Jayasundere-Smith equation constantly 

under predicts the value of the compound.  

Table 4.40: Absolute Percent Error for TiO2 composites using the Jayasundere-Smith Mixing 

equation. 

CeO2 5% VL 10% VL 20% VL 30% VL 

Percent Error 8.95% 17.57% 43.78% 59.13% 

 

  

 

Figure 4.40: Theoretical Jayasundere-Smith mixture equation for 

TiO2 mapped   against experimental scatter plot data for four 

different volume loadings. 
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CHAPTER 5: CONCLUSION 

5.1 Summary of Research 

This study investigated a variety of powder materials with a wide range of dielectric properties 

in a coaxial transmission line. The objective was to gain an understanding of when to best utilize 

the multiple mixture equations in order to calculate a powder’s dielectric constant (𝜀𝑝) based on 

the experimental measurement of a composite mixture. In this study the mathematical validity of 

each mixing equation was tested independently for the four powdery materials using known 

dielectric constants from literature for the powders and a measured dielectric constant for the 

paraffin. It was determined that the selection of the most appropriate equation based on minimizing 

the percent error was dependent on the dielectric inclusion ratio’s value,  𝜀𝑝/𝜀𝑚. Table 5.1 and 

Table 5.2 provide a summary of the findings from this study. Table 1 provide the associated error 

and the appropriate mixing equation for the powdery materials studied. Table 2 provides guidance 

on selecting the correct mixing equation provided a given 𝜀𝑝/𝜀𝑚.  

It can be clearly seen from this study that as the dielectric inclusion ratio increases the 

associated error for each equation also increases. For 𝜀𝑝/𝜀𝑚= 1.5 (SiO2), 𝜀𝑝/𝜀𝑚= 4.3 (Al2O3),  

𝜀𝑝/𝜀𝑚= 10 (CeO2),  𝜀𝑝/𝜀𝑚= 30 (CeO2),  the averaged percent error for all the equations associated 

with that dielectric inclusion ratio were 3.59%, 8.17%, 16.32% and 46.48% respectively. This 

indicates that if using this method, it would be preferable to use a matrix material that resulted in 

the smallest 𝜀𝑝/𝜀𝑚 possible. This would allow for the use of multiple equation to validate the 

results achieved using the ideal equation. This would also help for powdery materials of which 

very little is known as it would allow for a greater margin of error.  
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This study also leads to the conclusion that lower volume loadings generally result in more 

accurate equations. For all the equations and powder materials in this study it was found that the 

average percent error was 8.80%, 11.29%, 21.09%, and 33.28% for volume loadings of 5, 10, 20 

and 30 percent respectively. Based on these results it is concluded that low volume loadings will 

allow for the most accurate calculations of the powdery materials dielectric based purely on the 

mathematics of the equations. 

The method of using a coaxial transmission line to determine the room temperature relative 

dielectric constant of powder materials has several clear advantages over other transmission 

Table 5.1: The best mixing equation for each powdery material studied and the associated 

averaged error over the volume fractions studied between the equation and the experimental 

values. The EMT mixing equation is recommended over the Maxwell-Garnett for simplicity 

despite a statistically insignificant improvement of error when using the latter equation. 

 

Powder 
Suggested Mixing 

equation 
Percent Error 

  

SiO2 EMT 0.94 

Al2O3 EMT 1.16 

CeO2 Looyenga 0.76 

TiO2 Looyenga 6.21 

 

Table 5.2: Suggested mixing equation based on the ratio of powder’s dielectric properties to 

matrix material’s dielectric properties. 

 

Ratio of Dielectric 

Properties, εp/εm 

Suggested 

Mixing 

equation 

  

1-10 EMT 

10-100 Looyenga 

  

. 
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methods. The approach has clear advantages over surface probe methods that are susceptible to 

differential pressures and free space methods that required complicated calibration considerations, 

to permit powdery materials that are electrically conductivity to be measured using a coaxial 

method the powders were incorporating with non-conductive paraffin mixture. By keeping the 

volume loading within the state range and forming coaxial plugs in the manor described within the 

study, it is proposed that reliable dielectric measurements can be made with greater certainty than 

other methods. 

It was found during testing that several material and preparation factors helped to improve the 

accuracy of the dielectric testing. Smaller particle sizes (<65 μm) were preferred for composite 

preparations. Particle size of 30 μm had the best distribution within the paraffin matrix as well as 

typically having the most accurate volume loadings. The smaller particle sizes helped to avoid any 

particle clustering that would have interfered with the dielectric constant of the mixture.  

To avoid airgaps between the sample and inner/outer conductor special attention had to be paid 

to the effects of thermal expansion on the composites. As the paraffin composites cooled they 

experienced an expansion away from the center probe mold and into the outer sleeve of the casting 

mold. This resulted in the need to make the 3-D printed center conductor’s diameter smaller than 

that of the actual conductor by 0.1 nm. Having the samples outer diameter be slightly larger than 

that of the testing cell helped to ensure no airgaps existed between the sample and conducting 

walls. Since paraffin in soft, inserting the sample into the test cell shaved off excess paraffin 

resulted in a sample with the exact dimensions of the test cell.  

 

5.2 Future Directions 

This study looks to continue applying the methodology developed in the study of more 

complex materials. The same methodology can be applied to powders that are frequency dependent 

allowing for the same calculation to be done at each frequency of interest. This will allow for a 

more robust usage of this methodology as most material’s dielectric constants are frequency 

dependent. The study will also begin to look at magnetic materials using this same method of 

paraffin-powder composites. Special work will have to be done to ensure no conglomeration of 

particles during the curing process, but no significant changes will need to be made to 

accommodate magnetic powders. Another direction of research will be high temperature dielectric 

testing of powders, as most materials dielectric constants are temperature dependent as well as 

frequency dependent.  
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