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inherent variability in the mechanical properties of the intact rock. The probability distribution of 

Type Ш Extreme Value distribution of the smallest value can be written as (Gumbel, 1958): 

                              𝑓(𝑥; 𝛾, 𝑘, 𝜀) = {
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                                       (3.2) 

where ε is the characteristic smallest value of data set X. From Equations 3.1 and 3.2, it is notable 

that the Weibull distribution is a special case of Type III Extreme Value distribution. In other 

words, Type III Extreme Value distribution of the smallest value is a general form of the Weibull 

distribution. There are no limitations for the symbol of the smallest value of Type III Extreme 

Value distribution. For the Weibull distribution, the lowest bound is set to be zero. This is the 

prerequisite for the definition of Weibull distribution, which is not the case in the reality. 

Moreover, the theory of Weibull distribution is only suitable for the tensile strength. The 

distributions for other strength parameters are still uncertain. In 1994, as shown in Figure 3.1, 

Yegulalp and Kim performed laboratory tests and concluded that these mechanical properties 

perfectly fit the Type Ш Extreme Value distribution of the smallest value not only for the tensile 

strength, but also for the Young’s modulus and the Uniaxial Compressive Strength. Therefore, 

this study we considered using the Type III Extreme Value distribution as the statistical model in 

this research. The basic theory of the Extreme Value distribution is as follows:  
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Figure 3.1 Comparison for three different parameters between observed and theoretical extremal 

distributions (Kim, 1994) 

Let X be a random variable set with some known distribution function. If there exist n 

samples for the random variable X, then the extreme values of the samples can be defined, such 

as the minimum value Y1: 

                                                 𝑌1 = 𝑚𝑖𝑛 (𝑋1, 𝑋2, … , 𝑋𝑛)                                                        (3.3)  

If different sets of samples with the same size n are obtained for X, each set will have 

different minimum values. Using these sets, one can construct distribution functions for the 

minimum values. The cumulative distribution function (CDF) of the smallest value Y1 can be 

derived, as shown in Equation 3.4:  

𝑃(𝑌1 > 𝑦) = 𝑃(𝑋1 > 𝑦, … , 𝑋𝑛 > 𝑦) = 1 − 𝐹𝑌1
(𝑦)                                   (3.4) 

If all the data sets X1, X2, ... , Xn are assumed to be identically distributed and statistically 

independent from one another, Equation 3.4 becomes: 

                                               𝐹𝑌1
(𝑦) = 1 − [1 − 𝐹𝑋(𝑦)]𝑛                                                  (3.5) 
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of this correlation. The local spatial continuities exist inherently within the rock, causing the 

physical-material properties in adjacent areas to be similar and spatially correlated.  

 

Figure 4.1 Existence of spatial variance in different types of rock specimens (Recio-Gordo, 2012) 

Spatial correlation measures the correlation of a variable through space. It is an index value 

revealing the points, which are significantly correlated within some specific distance, which 

names the correlation. Figure 4.2 represents one strength variation at different depths. 𝜇̅ is the 

mean value. μ(zj) is the actual strength value at the specific depth. σμ is the standard deviation for 

all strength data. δμ is the correlation length, which is the distance of both the two points above 

or below the mean value  𝜇̅. 

For example, as shown in Figure 4.2, take two rock specimens selected at far apart locations. 

One is from circle A, and one is from circle B, which are separated by a larger distance than the 

measured correlation length. These two specimens may possess less correlated material 

properties (Einstein, 1983; Villaescusa, 1990; Yu, 1993).  
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Figure 4.2 Representation of one strength variation at different depths (Vanmarcke, 1977) 

Therefore, in order to illustrate the degree of local spatial continuity of rocks and to 

investigate the influence of the spatial correlation factor on rock behavior, this chapter proposes 

a method based on the Type III Extreme Value distribution, introduced in Chapter 3, by adding 

the spatial correlation function.  

One form of covariance called a semi-variogram γ(t) can define the spatial correlation (Chen, 

2012; Ledvina, 1991). The semi-variogram is equal to half of the variance between two random 

locations separated by distance t, as shown in Equation 4.2: 

γ(𝑡) =
1

2
𝑉𝑎𝑟[𝑍(𝑢) − 𝑍(𝑢 + 𝑡)]                                                         (4.2) 

where Z(u) is the random distribution of Gaussian variable at the location u. The distance value t 

is a scalar parameter, including both the spacing value and orientation. It is calculated as shown 

in Equation 4.3: 

t = √(
𝑡1

𝑎
)

2

+ (
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𝑏
)

2

                                                                 (4.3) 
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                                       (b)                                                                                         (c) 

Figure 5.2 Schematic diagram for the Hoek-cell Triaxial experimental equipment 

This experiment considers two different confining pressure conditions for each drill hole, 

which is 200 psi for the specimen in the above layer and 500 psi for the specimen in the bottom 

layer. Table 5.2 contains the summary of minimum principal stresses for each specimen. After 

knowing the minimum and maximum principal stresses for each drill hole, the friction and 

cohesion values is calculated through RocLab (Rocscience, 2020).  
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Table 5.2 Summary of minimum principal stress for each specimen under different confining 

pressures (Unit: psi) 

Number 
1 2 3 4 5 

1-1 1-2 2-1 2-2 3-1 3-2 4-1 4-2 5-1 5-2 

σ3  200 500 200 500 200 500 200 500 200 500 

σ1  13,637 16,848 13,033 16,086 13,804 17,081 12,604 14,388 12,112 15,042 

Number 
6 7 8 9 10 

6-1 6-2 7-1 7-2 8-1 8-2 9-1 9-2 10-1 10-2 

σ3 200 500 200 500 200 500 200 500 200 500 

σ1 13,748 17,088 13,318 16,517 12,993 16,007 13,459 15,743 13,147 15,319 

Number 
11 12 13 14 15 

11-1 11-2 12-1 12-2 13-1 13-2 14-1 14-2 15-1 15-2 

σ3  200 500 200 500 200 500 200 500 200 500 

σ1  12,946 16,938 13,358 15,401 12,692 15,181 14,613 16,977 13,542 17,201 

Number 
16 17 18 19 20 

16-1 16-2 17-1 17-2 18-1 18-2 19-1 19-2 20-1 20-2 

σ3  200 500 200 500 200 500 200 500 200 500 

σ1  14,372 14,913 13,843 15,953 14,256 18,110 13,338 14,734 13,288 13,448 

Number 
21 22 23 24 25 

21-1 21-2 22-1 22-2 23-1 23-2 24-1 24-2 25-1 25-2 

σ3  200 500 200 500 200 500 200 500 200 500 

σ1 14,382 15,894 13,034 16,557 13,350 17,032 14,642 17,519 14,561 18,550 

 

5.2.2 Model descriptions for numerical simulations 

Due to the computing limitation of the codes, which generated the spatial correlated random 

database, only two-dimensional numerical simulation was considered for the large rock block 

calibration. Numerical model was developed using a finite difference software, FLAC8.0. As 
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Figure 6.8 Vertical stress contour for the global model (Unit: psf) 

Figure 6.9 shows the vertical stress contours in the immediate roof section under two 

different material property conditions. There is little difference shown in the vertical stress 

(along z direction) contours. The maximum stress for the deterministic model above the entry 

and crosscut positions is 5,541.89 psi, which is 45% higher than the random model with spatial 

variance. 
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Figure 6.9 Vertical stress contours for the immediate roof section (Unit: psf) 

Figure 6.10 shows comparisons of the minimum principal stress for these two different 

models. The main differences concentrate on the positions above the pillars. The yellow color in 

the deterministic model and the green color in the random model represent high stress 

concentration areas. For the deterministic model, only the intersection of the entry and crosscut 

shows a relatively high-stressed area. However, for the random model, all the areas above the 

right and left gate roads are green in color. In addition, besides these two locations, the locations 

close to the rib of the pillars had more areas enter the high stress state for the random model than 

the deterministic model. 
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Figure 6.11 Failure state contours for the immediate roof section. (Five excavations) 

As the cutting sequences occur in the model, both the shear and tension failures are observed 

in the correlated random model. However, the deterministic model only produced shear failures. 

Additionally, for the correlated random model, most of the roof above the gob area entered 

the shear state. For the intersection between gob area and left gate road, the shear-n state 
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occurred, which was different from the same location in the deterministic model. Moreover, 

more area entered shear-n and shear-p state in the correlated random model than the 

deterministic model. All these phenomena verify that it is conservative to use the uniform 

material property to estimate the stability of the mine area. 

6.4 Case three: Gauss distribution used in one pillar scale model 

6.4.1 Model description 

There are many factors that influence the properties of coal seams, which includes anisotropy, 

behavior of cracks, pore pressure, rate of loading, time effects, and specimen size and shape. The 

laboratory result tests on coal can hardly be a proper representation of the in-situ strength data. 

When researchers perform experiments, all the tests should be performed in an underground 

environment, not in a laboratory. The influence of the environment is a key point, which cannot 

be neglected in the rock strength evaluation. 

This model included nine rock layers. The layers consisted mostly of four different rock 

types: silt shale, sandstone, gray clay shale, and coal. All the parameters in this model used the 

imperial system of units in inches, shown in Table 6.4. 
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Figure 6.12 Mine layout for the quarter pillar 

Table 6.4 Geological material properties for the pillar 

Rock Type 

Specific 

Gravity 

(lbs/ft3) 

Poisson’s 

ratio 

Thickness 

(ft.) 
z coordinates 

Bulk 

Modulus 

(psi) 

Shear 

Modulus 

(psi) 

Silt shale 160 0.2 5 60 1.66×106 1.24×106 

Sandstone 167 0.15 52 684 1.41×106 1.28×106 

Silt shale 170 0.2 8 780 1.66×106 1.24×106 

Gray clay 

shale 
166 0.27 2 804 4.93×105 2.68×105 

Freeport seam 88 0.34 6.5 882 3.75×105 1.34×105 

Gray clay 

shale 
166 0.27 5 942 4.93×105 2.68×105 

Silt shale 164 0.27 5 1,002 1.66×106 1.24×106 

Silt shale 160 0.2 50 1,602 1.66×106 1.24×106 

Sandstone 167 0.15 50 2,202 1.41×106 1.28×106 

Rock Type 

Tension 

Modulus 

(psi) 

Cohesion 

(psi) 
Friction (°) 

Vertical stress 

(psi) 

Horizontal 

stress (psi) 

Horizontal 

gradient 

(lbs/in3) 

Silt shale 193 523 33 1,085.42 271.35 0.02 

Sandstone 325 846 35 1,145.72 202.19 0.02 



107 
 

Silt shale 193 523 33 1,155.17 288.79 0.02 

Gray clay 

shale 
120 354 29 1,157.47 428.11 0.04 

Freeport seam 90 2 28 1,161.44 598.32 0.03 

Gray clay 

shale 
120 354 29 1167.21 431.71 0.04 

Silt shale 193 523 33 1,172.90 433.81 0.04 

Silt shale 193 523 33 1,228.46 307.11 0.02 

Sandstone 325 846 35 1,286.44 227.02 0.02 

 

This study applied the roller boundary condition for the lateral faces, and the fixed boundary 

condition for the bottom face. The vertical stress applied on the first layer “silt shale” was equal 

to the pressure, caused by the gravity of the overburden layers. The relationship between vertical 

stress σv and horizontal stress σh is expressed as: 

𝜎ℎ =
𝜈

(1−𝜈)
× 𝜎𝑣                                                        (6.1) 

where ν is the Poisson’s ratio. 

The immediate roof and coal seam parts were randomly material distributed layers, which 

satisfied Gauss distribution. The other layers were defined as uniform material stratum, as shown 

in Figure 6.13. 
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Figure 6.13 Quarter pillar with stochastic material definition (Unit: psi) 

6.4.2 Result discussions 

The purpose of this model is to summarize the stresses around a specific rock specimen, 

extract groups of specimens out of the pillar in random locations and compare the peak strength 

versus the dimensions of specimens based on stochastic theory. After the regression analysis, the 

peak strength will approach an asymptotic value as the size of the specimen increases. As such, 

the strength for both rock specimen and rockmass could be estimated in a more realistic situation.  
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(a) Minimum principal stress (Unit: psi) (b) Yield state distribution 

Figure 6.14 Result contours for the quarter pillar 

Here, the advantage of considering rock specimens in this method is that the influence of the 

environment can be eliminated as they move the specimens from site to the laboratory. The 

specimens always sit in their original field positions and take pressure as in their initial situations. 

From Figure 6.14, the minimum principal stress contour shows that tension area occurred in 

both roof and floor, especially in the corner of the intersection. Rock has much lower tension 

bearing capacity than compression, which means rock material is very sensitive to tension force. 

Therefore, in this case, failure is probable to occur in roof and floor parts. This inference also is 

true in the yield state contour; while some tension failure states show in both roof and floor, 

more tension failure happened in the roof than in the floor. The mean values of the materials for 

the immediate roof and floor are the same, the only difference being that the material for the roof 

part is in random condition, while the material for floor is in uniform condition. The reason for 

the failure happening earlier in the immediate roof than the floor is due to the peak strength value 

of traditional determination calculation being higher, which is conservative to the future safety 

factor calculation. 



110 
 

6.5 Conclusions  

At rockmass level, the material properties of rock are neither deterministic nor completely 

random. The random model with spatial correlation is much closer to the case in the field. The 

focus of this research is to demonstrate that heterogeneity and discontinuity significantly affect 

rock strength and failure process in the field-scaled model. Conclusions are summarized as 

follows: 

➢ Based on the improved the conventional Type III Extreme Value distribution by adding 

the spatial correlation factor, the spatial correlation revealed both the correlation and 

continuity that exists inherently in rock. The numerical simulation results show that the 

spatial correlated random model can estimate the rock strength in a relatively more 

realistic way. 

➢ More high stress concentration area occurs around the rib of the pillars in the random 

model with the spatial variance factor than the completely deterministic model.  

➢ As the cutting sequence progressed, the tensile failure occurred in locations above the gob 

area and gate roads. 

➢ Based on the vertical stress of the deterministic model being around 45% higher than the 

spatially correlated random model observed in this research, we can conclude that the 

deterministic method used to estimate the stability of roof parts in real longwall mine is 

conservative.  

Based on the discussions summarized in the earlier sections, the research showed that the 

traditionally deterministic method is conservative to some extent. Exclusively for roof stability 

analysis, the spatial variance is a significant factor, which cannot be ignored.   
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CHAPTER 7  

CONCLUSIONS  
 

The primary objective of this dissertation was to use the revised probabilistic method to 

demonstrate the heterogeneity characteristic of rock from the perspective of material properties, 

as well as to observe the influences of spatial variance on the failure mechanism for both rock 

specimens in laboratory and rockmass in the real field site.  

The primary methodology was the Type III Extreme Value distribution of the smallest value 

by adding the spatial correlation factor. The entire process of this research can be summarized 

through the following steps: 

First, this study made comparisons between the deterministic and completely random models 

based on the laboratory tests. The main goal of this step was to show the importance of 

considering the randomness factor of rocks.  

Second, this research considered one spatial correlated random model to investigate the 

influence of rock heterogeneity on the rock strength and failure propagation. Random field 

database was created with specific spatial correlation for each physical-mechanical property 

using the rough laboratory data and Extreme Value stochastic model in MATLAB. They also 

added two scale-measured parameters to define the correlation length, which could control the 

spatially correlated random data.  

Third, in order to verify the importance of four parameters, friction, cohesion, and correlation 

length along horizontal and vertical axes respectively, this research generated 152 random 

sample data. Stress for each specimen at different loading steps and different locations. The aim 
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of this process was to find out how the inherent material parameters affect the internal stress for 

intact rocks.  

Fourth, in order to have confidence in the model results, some form of calibration of the 

model with the Hoek-Cell triaxial laboratory test was necessary. The real spatial variance was 

established distribution through experiments. Based on the mechanical parameters obtained from 

the laboratory, the proposed method reproduced the material distribution of the intact rock block. 

The two results above match with each other, which verified that the proposed stochastic method 

is appropriate for this research.   

Finally, two three-dimensional longwall mine models were analyzed using the proposed 

method. The influence of random field data on entry roofs in the longwall mining system is 

expected. This research created the realistic random field database based on the Extreme Value 

stochastic model, adding two scale-measured parameters from both horizontal and vertical 

directions to control the spatial correlation length. This research considered a few cutting 

sequences in this model, which could be used to observe if the spatial variance had any 

significant influence over the roof behavior.  

This dissertation draws the following conclusions from the studies performed throughout this 

process: 

➢ Use of the deterministic method results in a conservative estimation of rock strength. Use 

of the deterministic method overestimates the rock strength by 50%. The peak strength 

decreased as the element number of random models increased. 

➢ For the deterministic model, the failure always behaves like a double pyramid type of 

failure. The yield zones are relatively concentrated. For the stochastic models in this 
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research, both the macro-cracks and micro-cracks both can be monitored. Each micro-

crack will cause stress redistribution and propagate, which in turn will cause a severe 

failure. As such, the failure pattern for rock specimen with stochastic analysis is less 

predictable. The residual strength for the intact rock varies extensively with the grid 

number.  

➢ Based on one type stochastic model, this research improved the conventional Type III 

Extreme Value distribution by adding the spatial correlation factor. The spatial correlation 

revealed both the correlation and continuity that exists inherently in rock. The numerical 

simulation results show that the spatial correlated random model can estimate the rock 

strength in a relatively more realistic way. 

➢ For the spatial correlated random model, the small cracks normally initiate at relatively 

weak zones. As the spatial dependence increases, the failure state of the rock specimen 

changes from random to a relatively stable state. 

➢ Friction angle is the primary factor causing damage of the rock sample. After initial 

failure happens, the spatial correlated friction angle will combine with spatial correlated 

cohesion value to influence the following failure propagation. 

➢ More high stress concentration area occurred around the rib of the pillars in the random 

model with the spatial variance factor than in the completely deterministic model for the 

longwall mine.  

➢ For the longwall mine, as the cutting sequence progressed, the tensile failure occurred in 

locations above the gob area and gate roads. 

➢ Based on the vertical stress of the deterministic model being around 45% higher than the 

spatially correlated random model observed in this research, we concluded that the 
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deterministic method used to estimate the stability of roof part in real longwall mine is 

conservative.   

RECOMMENDATIONS FOR FUTURE RESEARCH 

The stochastic model with spatial correlation factor can represent the behavior of rock 

material realistically, especially in the post-failure region in this research. The revised Extreme 

Value distribution applied in the triaxial model indicates that the results between laboratory test 

and numerical simulation are consistent with each other. Therefore, the new stochastic model 

with the addition of the spatial correlation factor model may be a better option to represent the 

real mechanical behavior of rockmass. However, this research only considered two scaled 

parameters for the correlation factor. In the future, studies could also incorporate the third scaled 

parameter to simulate the random field characteristic of rockmass.  In addition, this research only 

considered the calibration work for the laboratory scaled model. More field observations or 

measurements will further refine and validate the model  
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